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Abstract 

In this paper we shall study smooth submanifolds immersed in a fc-step Carnot group G of 
homogeneous dimension Q. Among other results, we shall prove an isoperimetric inequality 
for the case of a C^-smooth compact hypersurface S with - or without - boundary dS; S 
and dS are endowed with their homogeneous measures cr""^, cr""^, actually equivalent to 
the intrinsic {Q — l)-dimensional and [Q — 2)-dimensional Hausdorff measures w.r.t. some 
homogeneous metric £i on G; see Section 5. This generalizes a classical inequality, involving 
the mean curvature of the hypersurface, proven by Michael and Simon, [S3] , and AUard, [T] . 
In particular, from this result one may deduce some related Sobolev-type inequalities; see 
Section 7. The strategy of the proof is inspired by the classical one. In particular, we shall 
begin by proving some linear isoperimetric inequalities. Once this is proven, one can deduce 
a local monotonicity formula and then conclude the proof by a covering argument. We stress 
however that there are many differences, due to our different geometric setting. Some of the 
tools which have been developed ad hoc in this paper are, in order, a "blow-up" theorem, 
which also holds for characteristic points, and a smooth Coarea Formula for the //S-gradient; 
see Section [3] and Section [H Other tools are the horizontal integration by parts formula and 
the 1st variation of the if-perimeter a^~^ already developed in [551 [S3, and here generalized 
to hypersurfaces having non-empty characteristic set. Some natural applications of these 
results are in the study of minimal and constant horizontal mean curvature hypersurfaces. 
Moreover we shall prove some purely horizontal, local and global Poincare-type inequalities 
as well as some related facts and consequences; see Section 4 and Section 5. 
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1 Introduction 

In the last decades considerable efforts have been made to extend to the general setting of 
metric spaces the methods of Analysis and Geometric Measure Theory. This philosophy, in a 
sense already contained in Federer's treatise [32], has been pursued, among other authors, by 
Ambrosio [2], Ambrosio and Kirchheim [3l[3|, Capogna, Danielli and Garofalo [12], Cheeger [18], 
Cheeger and Kleiner [20j, David and Semmes [30j, De Giorgi ^31j, Gromov [46 [ [47J . Franchi, 
Gallot and Wheeden [35], Franchi and Lanconelli [36j . Franchi, Serapioni and Serra Cassano 
[37[ [Jo] , Garofalo and Nhieu [33] , Heinonen and Koskela [38] , Jerison [56] , Korany and Riemann 
[57| . Pansu ^74ti75j, Rumin ^79j, but the list is far from being complete. 

In this respect, sub-Riemannian or Camot-Caratheodory geometries have become a subject 
of great interest also because of their connections with many different areas of Mathematics 
and Physics, such as PDE's, Calculus of Variations, Control Theory, Mechanics, Theoretical 
Computer Science. For references, comments and perspectives, we refer the reader to Mont- 
gomery's book [72] and the surveys by Gromov, [47j and Vershik and Gershkovich, [85]. We also 
mention, specifically for sub-Riemannian geometry, [8^ and [76j . More recently, the so-called 
Visual Geometry has also received new impulses from this field; see |80j . [23], [23] and references 
therein. 

The setting of the sub-Riemannian geometry is that of a smooth manifold A^, endowed with 
a smooth non-integrable distribution H C TN of ii-planes, or horizontal subbundle {h < dimA^). 
Such a distribution is endowed with a positive definite metric gn , defined only on the subbundle 
H. The manifold N is said to be a Carnot-Caratheodory space or CC-space when one introduces 
the so-called CC-metric dec (see Definition 12. 2p . With respect to such a metric the only paths 
on the manifold which have finite length are tangent to the distribution H and therefore called 
horizontal. Roughly speaking, in connecting two points we are only allowed to follow horizontal 
paths joining them. 

Throughout this paper we shall extensively study hypersurfaces immersed in Carnot groups 
which, for this reason, form the underlying ambient space. A k-step Carnot group (G, •) is an 
n-dimensional, connected, simply connected, nilpotent and stratified Lie group (with respect to 
the group multiplication •) whose Lie algebra g = satisfies: 

g = Hi(B...(BHk, [Hi,Hi^i] = Hi {i = 2, ...,k), Hk+i = {0}. 

Any Carnot group G on M" is endowed with a one-parameter family of dilations, adapted to the 
stratification, that makes it a homogeneous group, in the sense of Stein's definition; see ^82j . 

Carnot groups are of special interest for many reasons and, in particular, because they 
constitute a wide class of examples of sub-Riemannian geometries. 

Note that, by a well-know result due to Mitchell [65\ (see also Montgomery's book [72]), 
the Gromov-Hausdorff tangent cone at the regular points of a sub-Riemannian manifold is a 
Carnot group. This motivates the interest towards the study of Carnot groups, which play. 
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for sub-Riemannian geometries, an analogous role to that of Euclidean spaces in Riemannian 
geometry. 

The initial development of Analysis in this setting was motivated by some works published 
in the first eighties. Among others, we cite the paper by Fefferman and Phong [34j about the so- 
called "subelliptic estimates" and that of Franchi and Lanconelli [36j, where a Holder regularity 
theorem was proven for a class of degenerate elliptic operators in divergence form. Meanwhile, 
the beginning of Geometric Measure Theory was perhaps an intrinsic isoperimetric inequality 
proven by Pansu in his Thesis f74j, for the case of the Heisenberg group 11^. For more results 
about isoperimetric inequalities on Lie groups and Carnot-Caratheodory spaces, see also j84j . 



For results on these topics, and for more detailed bibliographic references, we shall refer the 
reader to [2], [5], [6], [H], [Ml EH SOI El US] , [271 [Ml [29] , [S], [S], [Mll59], [671 |M], H- 

We would also like to quote [H], [S], [77], [M], [ISKH], [8], [71], for some recent results 
about minimal and constant mean-curvature hypersurfaces immersed in the Heisenberg group. 

In this paper we shall try to give some contribution to the study of both analytic and 
differential- geometric properties of hypersurfaces immersed in Carnot groups, endowed with the 
so-called i?-perimeter measure a^~^. To this aim we will develop some technical tools and among 
the others, in Section [3l a "blow-up" result, which also holds for characteristic points and, in 
Section HI a Coarea Formula for functions supported on the given hypersurface. Furthermore, 
we shall extend some previous results of [66, 68, 69j, such as the integration by parts formulae 
and the Ist-variation formula of cr^~^ , to hypersurfaces having non-empty characteristic set. 
These tools are then used to investigate the validity of some linear, local and global Poincare 
inequalities; see Section [5] and Section [H In Section [71 we will extend to Carnot groups a 
classical isoperimetric inequality, proven by Michael and Simon in [B^, for a general setting 
including Riemannian geometries, and, independently, by Allard in [T], for varifolds. Finally, in 
Section [HI we shall deduce the related Sobolev-type inequality, following a classical pattern by 
Federer-Fleming [M] and Mazja [62] . 

Very recently, some similar results in this direction have also been obtained by Danielli, 
Garofalo and Nhieu in [29], where a monotonicity estimate for the if-perimeter has been proven 
for graphical strips in the Heisenberg group H^. 

Now we would like to make a short comment about a classical isoperimetric inequality for 
compact hypersurfaces immersed in the Euclidean space M". This result, that will be generalized 
to our Carnot setting in Section [71 reads as follows: 

Theorem (Isoperimetric Inequality; Case S'"-^^ C M") Let S C M" (n > 2) be a C'^-smooth 
compact hypersurface with - or without - boundary. Then 



where Cj > is a dimensional constant. 

Here Hr denotes the mean curvature of S and cr^~^, are, respectively, the (n — 1)- 

dimensional and the (n — 2)-dimensional Riemannian measures. The first step in the proof of 
this theorem is a linear inequality. More precisely, one proves that 



where R is the radius of a Euclidean ball containing 5. From this linear inequality and the Coarea 
Formula one gets the so-called monotonicity inequality, which says that, at every "density- 



[46j, [76], [43J, [12J, [35j, [48j. 





point "Q X G S, one has 



^By definition, x € S is a density-point if limt\_o+ 
of the unit ball in R""^ 



-1 



(St)R 



ujn-i where ui„ denotes the Lebesgue measure 
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for £^-a.e. i > 0, where St = S r\ B{x,t). By the monotonicity inequahty, via a contradiction 
argument, one deduces a calculus lemma which, together with a well-known covering result of 
Vitali-type, allows to achieve the proof. 

The importance of the monotonicity estimate can also be understood through one of its 
immediate consequences, that is the following asymptotic exponential estimate: 

for t 0"*", where x G 5 is a density-point and TCq is any constant such that {TCrI < TCq. Note 
that for minimal hypersurfaces this immediately implies that 

arHSt)>LOn-it^-' (t-0+). 

As already said, a great part of this paper is concerned about the generalization of the above 
results to hypersurfaces immersed in Carnot groups. 

Henceforth, we shall survey, in detail, the content of each section. 

Section [2] is largely devoted to introduce the subject of Carnot groups and the study of 
immersed hypersurfaces (and, more generally, submanifolds) of Carnot groups. In particular, 
we shall introduce and describe the main geometric structures useful in this setting from many 
points of views, including basic facts about stratified and homogeneous Lie groups, Riemannian 
and sub-Riemannian geometries, intrinsic measures and connections. The presentation given 
here is, as much as possible, self-contained. Moreover, Section [2.41 and Section [2.51 describe two 
important tools in the study of hypersurfaces endowed with the so-called if-perimeter cr^~^ (see 
Definition I2.19p . i.e. the horizontal divergence theorem w.r.t a^" , its related integration by 
parts formula and the 1st variation of cr^"^- A great part of this material can also be found 
in |66l [68l I69j . However, there is some novelty in the presentation given here. Indeed, some 
new corollaries are added and all these results are extended to hypersurfaces having possibly 
non-empty characteristic set. Here we would like to state the horizontal integration by parts 
formula because of its importance in this context. 

Let G be a fc-step Carnot group and let 5 C G be a C^-smooth immersed hypersurface 
with boundary dS oriented by its unit normal vector rj. Moreover, let HS denote the horizontal 
tangent bundle of S, which is the (L — l)-dimensional subbundle of TS induced by the horizontal 
ii-dimensional bundle H C TG. Then, for every X £ C^{S, H) one has 

I [divHsX + {CHV„,X)]al-^ = - [ {X,7U)al-^+ [ {X,r]Hs) a^^'^ 
Js Js JdS 

where cr^~^ and cr^^^ denote, respectively, the "natural" intrinsic homogeneous measures on 
smooth (n — l)-dimensional and (n — 2)-dimensional submanifolds of G; see Section 12.21 and 
Section 12.41 In the above formula is the unit horizontal normal along S, tjhs is the unit 

horizontal normal along dS (see Remark I2.36p . TCh = 'HhI'jj is the horizontal mean curvature 
vector of S (see Definition I2.3ip and Ch is a linear operator acting on horizontal vectors, only 
depending on the structural constants of the Lie algebra g = TqG and on the hypersurface S, 
through its - Riemannian - unit normal; see Definition I2.34[ The horizontal linear operator Ch 
plays an important role in the study of hypersurfaces and, in particular, it is connected with the 
skew-symmetric part of the horizontal second fundamental form; see Remark 12.351 

The above formula enable us to define the following important 2nd order differential operator: 

Vhs ^ := A//S ^ + {Ch i^fj , gradus 
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for every ip G C°°(S), where, by definition, Ahs^ ■= divHs (gradHs^)', see Section \T3\ and 
Definition 12.411 We note that the operator Vhs represents a sub-Riemannian generahzation of 
the usual Laplace-Beltrami operator; see Proposition 12.421 for its main features. 

Section [3] contains some "blow-up" results for the horizontal perimeter a^~^ on any smooth 
hypersurface S C G, or, in other words, the study of the following limit: 

ar'{SnB,ix,R)} 

where Bg{x, R) is the ^>-ball of center x £ S and radius R and gis a, smooth homogeneous distance 
on G. Notice that this limit represents the density of cr^~^ at x G S". More precisely, after 
reminding a well-known blow-up procedure, valid for non-characteristic points of any (smooth 
enough) hypersurface S (see, for instance, [371 [Ml |39] , [2], [Ml [59], [25]), we shall generalize 
it, under some regularity assumptions on S, also to the case of characteristic points of S; see 
Theorem 13.11 We remind that the characteristic set Cs of S is the set of all points at which 
the horizontal projection of the unit normal vanishes, i.e. Cs = {x € S : \Vhv\ = 0}. More 
precisely, let x G C5 n and assume that, locally around x, S can be represented as a C*- 
smooth X^-graph, for some "vertical" direction G F := H^. For the sake of simplicity, let 
X = G G. In such a case one has Sr\Bg{x, r) C exp{(Ci, Ca~i-,ilj{C,)-, Ca+i, Cn) S 5}, where 
is a C*-function satisfying: 

(0) = whenever ord(ji) + ... + ord(j;) < i 



dCh-dCji 

for all / G {1, Then, we shall show thatEl 

a^-^{SnBg{x,R)) Kg{Cs{x))R^-^ for i? ^ 0+ 

where the constant Kg{Cs{x)) can be explicitly computed by integrating cr^^^ along a polynomial 
hypersurface of "anisotropic" order i = ord(a); see Theorem 13.11 Case (b). 

In Section [J] we shall state and discuss another important tool, i.e. the Coarea Formula 
for the //S-gradient, that is an equivalent for smooth functions of the classical Fleming-Rischel 
formula. More precisely, let S C G be a C'^-smooth hypersurface and let 99 : S — > M be a 
C^-smooth function. Then, one has 



\ grades ^ix)\a'^-\x) = [ a"^"^ {ip-^ [s] D S}ds. 



We stress that (T2~^,cr2~^ are actually equivalent to the (Q — 1) -dimensional and {Q — 2)- 
dimensional Hausdorff measures associated to a given homogeneous distance g on G, where 
Q (> n) is a positive integer representing the homogeneous dimension of G; see Section [27T] and 
Section [221 

In Section [5] we shall prove the validity of some global Poincare-type inequalities on smooth 
compact hypersurfaces with - or without - boundary, immersed into G. Here we just stress the 
relationship among these inequalities and some eigenvalues problems related to the 2nd order 
differential operator Dhs previously introduced; see Definition 12.431 

To be more precise, we shall first define some suitable isoperimetric constants, in purely 
geometric terms, and then show that these constants equal the infimum of their associated 
"horizontal" Rayleigh's quotients, i.e. 

fs IgradjjsTplaH''^ 



2n 



Is 



The symbol ~ means "asymptotic". 
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For instance, if dS / 0, let us set 



Isop(S') := inf 



where NndS = and Si is the unique (n — 2)-dimensional submanifold of S such that = dSi. 
Then, we will prove that 

fg\gradHsipWH~^ 



Isop(S') = inf ■ 



S \'V\'^H 



n-1 



where the infimum is taken over all C^-smooth functions on S such that ip\ds = 0- This constant 
is related to the first non-zero eigenvalue Ai of the following Dirichlet-type problem: 

VHs4> = \i> (AgM, VeC2(5)); 



(P2) 

see Definition I2.43[ Indeed, it turns out that 



^ ^ (Isop(5))2 
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see Corollarv l5.7i Furthermore we shall prove some results about another isoperimetric constant; 
see, for fore more details. Theorem 15.91 and Corollary I5.10[ The results stated in Section [5] are 
direct consequences of the Coarea Formula for the //^S-gradient. The proofs follow the scheme 
of the Riemannian case, for which we refer the reader to a celebrated paper by Yau [87]; see also 

mm- 

In Section [6] we will try to generalize to our Carnot setting some classical differential- 
geometric results; see, for instance, and references therein, but also [86] and [16]. The 
starting point is an integral formula very similar to the Euclidean Minkowsky Formula; see also 
Corollary 12.391 for a precise statement. More precisely, we shall show that 

{h-l)aT\S) <R{j^ + \CHU,\)aT^+aT\dS)} 

whenever 5 C G is a smooth compact hypersurface with boundary and R denotes the radius of 
a ^j-ball circumscribed about S. 

From the above linear isoperimetric inequality, we shall deduce a number of simple geometric 
consequences. Among other results. Section [6. II contains a weak monotonicity inequality for the 
iJ-perimeter ct^~^; see Proposition 16.31 In Section 16.21 we shall develop some weak Poincare- 
type inequalities, depending on the local geometry of the hypersurface 5; see Theorem 16.51 and 
Theorem 16.61 For instance, let 5 C G be a C^-smooth hypersurface with bounded horizontal 
mean curvature TLh ■ Then, we shall prove that for every x ^ S there exists Rq < distg{x, dS) 
such that 

\Par'f<CpR([ \grad,si^\Par')' pe[l,+oo[ 

'Sr JSr 

for all ip G CI{Sr) and all R < Ro, where Sr := S H Bg{x,R). 

These results are obtained by means of elementary "linear" estimates starting from the 
horizontal integration by parts formula, together with a careful analysis of the role played by 
the characteristic set Cs of S. 

Section [7| contains perhaps the main result of this paper, i.e. an isoperimetric inequality for 
compact hypersurfaces with - or without - boundary, depending on the horizontal mean curvature 
Tin of the hypersurface. As already said in our introduction, this generalizes a classical and 
well-known result by Michael and Simon [63] and Allard [Tj. 

To state the claimed inequality, let us first introduce some notation. Let G be a /c-step 
Carnot group and let S C G be a C^-smooth compact hypersurface with - at least - C^-smooth 
boundary dS. Moreover, let us set (see, for more details. Remark l2.23p : 



6 



• w := jp^^i = "^^^2 '^"i ' where u is the Riemannian unit normal vector along 5. Moreover, 
Vh , Vh^ and Vv denote, respectively, the projection operators onto H, Hi {i = 2, k) and 

• X := ^1 , where 77 is the Riemannian unit normal vector along dS and Vhs , Vvs denote, 
respectively, the projection operators onto HS and VS, which are the subbundles on TS 
induced by the decomposition q = H ® V. 

• x^iS '■= Vh^sx, where, as above, Vh^s denote the projection operators onto the subbundles 
HiS of VS C TS {i = 2,...,k). 

Furthermore, we shall assume that \xh\ < g{x) and that q G M+ {i = 2,...,k) be positive 
constants satisfying: 

\xHi I < CiQ^ix) (i = 2, k), 
where g is a given smooth homogeneous distance on G and where we have set g{x) = g{0,x). 

Our main result reads as follows: 

Theorem (Isoperimetric inequality) Let G be a k-step Carnot group and let S C G be a 

C"^ -smooth compact hypersurface with -smooth boundary dS. Then 

k k 
V J S \ ^ -^^^ i=2 ' 



where Cj is a constant independent of S; see Theorem 7.5. 

In the above formula we have set gs = !^iH^£(§l_ 
If we further assume that dim Cgs < n — 2, then we shall see that there exists Cj > such that 

k 

{arHS)}^- <C'j!. I \n„\[l + Y,i<^^Q's^\^''^\)<~^ + ^B-\^S)\■ 

I J S -^2 J 

see Corollary 17.71 The proof of these results is heavily inspired from the classical one, for which 
we refer the reader to the book by Burago and Zalgaller [Tl]. A similar strategy was also 
fundamental in proving isoperimetric and Sobolev inequalities in abstract metric setting such as 
weighted Riemannian manifolds and graphs; see [22 j. 

However, we have to say that there are still many non-trivial modifications to be done, due 
to the sub-Riemannian setting. Roughly speaking, the starting point will be again a linear 
inequality, yet somewhat different from those, purely horizontal, proven in Section [6l see , for 
a more precise statement, Section \77\] Proposition [6OI This linear- type inequality is then used 
to obtain a monotonicity estimate for the i?-perimeter crS~^j s^e Proposition 17.13"! As in the 
Euclidean (and/or Riemannian) case, the monotonicity inequality is a differential inequality, 
expressing the local behavior of the derivative of the quotient 

ar'{SnB,{x,t)} 

for t \ 0^, whenever x £ S \ Cs is non-characteristic; see Section [7.11 We will also discuss the 
possibility of performing such arguments for characteristic points, at least in some special cases; 
see, for instance, Lemma 17.141 

Section 17.21 is then devoted to the proof of the aforementioned isometric inequality. 
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In Section 17.31 we shall discuss a straightforward application of the monotonicity estimate. 
More precisely, let S" C G be a C^-smooth hypersurface that, for simplicity, is taken to be 
without boundary. Furthermore, let us assume that the horizontal mean curvature TCh be 
bounded. Then, for every x £ S \ Cs, we shall show that 

for t 0^, where Kg{i'^{x)) denotes the "density" of (Jh~^ ai x € S \ Cs, also called metric 
factor. Again, we shall tract the case in which x E Cs, where S is immersed in the Heisenberg 
group H". 

In Section[8]we shall discuss the equivalent Sobolev-type inequalities which can be deduced by 
the previous isoperimetric inequality, following a well-known and classical argument by Federer- 
Fleming [33] and Mazja [62]; see Theorem 18.11 Some corollaries will be proven, and among 
others, we shall show the following: 

Corollary (Sobolev-type inequality) Let G be a k-step Carnot group. Let S C G be a C^- 

smooth hypersurface without boundary and let TCh be globally bounded along S. Furthermore, let 
us assume that for every smooth {n— 2) -dimensional submanifold N C S one has dimCAr < n— 2. 
Then there exists C[ > 0, only depending on the geometry of S, such that 

l^l^l^'^r'}''" <C[ J^{\i;\ + \grad„si^\}ar' 

for allije CliS). 

See Theorem 18.81 for a more detailed statement. 



2 Carnot groups, submanifolds and measures 
2.1 Sub-Riemannian Geometry of Carnot groups 

In this section, we will introduce the definitions and the main features concerning the sub- 
Riemannian geometry of Carnot groups. References for this large subject can be found, for 
instance, in [I2], [IS], [33], [Sl], [65], [^, [H [75l [76] , [83]. Let iV be a C°°-smooth 

connected n-dimensional manifold and let H C TN be an ii-dimensional smooth subbundle of 
TN. For any x £ N, let denote the vector subspace of TxN spanned by a local basis of 
smooth vector fields Xi{x), X^ix) for H around x, together with all commutators of these 
vector fields of order < k. The subbundle H is called generic if, for all x N, dimT^ is 
independent of the point x and horizontal if = TN, for some /c G N. The pair (A^, H) is a 
k-step CC-space if is generic and horizontal and if k := inf{r : T^ = TN}. In this case 

= T^ C H = T^ C T'^ C... C T^ = TN (1) 

is a strictly increasing filtration of subbundles of constant dimensions Ui := dimT* (i = 1, k). 
Setting {Hi)x ■= T^ \ T^~^, then gT{TxN) := ®i=i{Hk)x is its associated graded Lie algebra, at 
the point x E N, with Lie product induced by [•, •]. We set hi := dimHi = Ui — Ui-i (no = iio = 0) 
and, for simplicity, h := hi = diuiH. The /j-vector h = {h, ...,hk) is the growth vector of H. 

Definition 2.1. X_ = {Xi, A„} is a graded frame for N if {Xi^{x) : nj^i < ij < nj} is a 
basis for Hj^ for all x £ N and all j € {1, A;}. 

Definition 2.2. A sub-Riemannian metric gu = (•, ■)h on N is a symmetric positive bilinear 
form on H. If {N,H) is a CC-space, the CC-distance dcc{x,y) between x,y £ N is given by 

dcc{x,y) := inf / (7,7)//^*, 
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where the infimum is taken over all piecewise- smooth horizontal paths 7 joining x to y. 

In fact, Chow's Theorem imphes that dec is a true metric on N and that any two points can 
be joined with - at least one - horizontal path. The topology induced on N by the CC-metric is 
equivalent to the standard manifold topology; see [l6], [72] . 

The general setting introduced above is the starting point of sub-Riemannian geometry. A 
nice and very large class of examples of these geometries is represented by Carnot groups which, 
for many reasons, play in sub-Riemannian geometry an analogous role to that of Euclidean spaces 
in Riemannian geometry. Below we will introduce their main features. For the geometry of Lie 
groups we refer the reader to Helgason's book [50] and Milnor's paper [6l], while, specifically 
for sub-Riemannian geometry, to Gromov, [l6], Pansu, [74^ I76j. and Montgomery, [72j . 

A k-step Carnot group (G, •) is an n-dimensional, connected, simply connected, nilpotent and 
stratified Lie group (with respect to the multiplication •) whose Lie algebra q{= M") satisfies: 

g = Hie...eHk, [Hi,Hi^i] = Hi {i = 2,...,k), Hk+i = {0}. (2) 

We denote by the identity on G and so g = TqG. The smooth subbundle Hi of the tangent 
bundle TG is said to be horizontal and henceforth denoted by H. We set V := H2 ® ■■■ ® 
and call V the vertical subbundle of TG. Moreover, we set hi = dimHi (i = l,...,k). H is 
generated by a frame Xh ■= {Xi, ...,Xi^} of left-invariant vector fields which can be completed 
to a global graded and left-invariant frame, say X := {Xi : i = 1, n}. We set n/ := h + ... + hi 
(no = ho := 0, h = hi, rik = n) and 

Hi = spa.nf,{Xi : n/„i <i <ni}. 

The standard basis {cj : i = 1, n} of = g can be relabelled to be graded or adapted to the 
stratification. Any left-invariant vector field of X is given by Xi{x) = Lx^^ei {i = 1, ■■■,n), where 
denotes the differential of the left-translation at x. 

Notation 2.3. In the sequel, we shall set I h := {1, ...,hi}, Ih2 := {hi + 1, ...,n2{= hi + h2)},..., 

iHf, := {ni^_i + l,...,n^.(= n)}, and Iv ■= {hi + Moreover, we will use Latin letters 

i,j,k,..., for indices belonging to Ih and Greek letters a,/?, 7,..., for indices belonging to Iv . 
Unless otherwise specified, capital Latin letters I, J,K, may denote any generic index. Finally, 
we define the function ord : {1, n} — > {1, k} by ord(/) := i if, and only if, < I < Ui 
{i = l,...,k). 

If X G G and X £ g we set 7^(t) := exp [tX]{x) (t G M), i.e. 7^ is the integral curve of X 
starting from x and it is a 1-parameter subgroup of G. The Lie group exponential map is then 
defined by 

exp : Q I — > G, exp {X) := exp [X]{1). 

It turns out that exp is an analytic diffeomorphism between g and G whose inverse will be 
denoted by log. Moreover we have 

7^ (t) = X • exp [tX] V t G M. 

Prom now on we shall fix on G the so-called exponential coordinates of 1st kind which are the 
coordinates associated to the map log. 

As for any nilpotent Lie group, the Baker-Campbell-Hausdorff formula (see |26j ) uniquely 
determines the group multiplication • of G, from the "structure" of its own Lie algebra g. In 
fact, one has 

exp {X) • exp {Y) = exp {X * Y) (X, F G g), 
where * : g x g — > g is the Baker-Campbell-Hausdorff product defined by 

X ★ y = X + y + i [X, y] + ^ [X, [X, y]] - ^ [y, [X, y]] + brackets of length > 3. (3) 
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Using exponential coordinates, ([3]) implies that the group multiplication • of G is polynomial 
and explicitly computable; see [26]. Moreover, = exp(0, ...,0) and the inverse oi p £ G 
{x = exp {xi, ...,Xn)) is x~^ = exp {-xi, -Xn)- 

Whenever H is endowed with a metric = {■,-)h, we say that G has a sub-Riemannian 
structure. It is always possible to define a left-invariant Riemannian metric g = {■,■) on G such 
that X is orthonormal and g^jj = gn ■ Notice that if we fix a Euclidean metric on g = TqG 
(which makes {cj : i = 1, ...,n} an orthnormal basis), this metric naturally extends to the whole 
tangent bundle, by left-translation. 

Since Chow's Theorem holds true for Carnot groups, the Carnot-Caratheodory distance dec 
associated with gn can be defined. The pair (G, dec) turns out to be a complete metric space 
on which every couple of points can be joined by - at least - one dec-geodesic. 

Carnot groups are homogeneous groups, i.e. they are equipped with a 1-parameter group 
of automorphisms 5t : G — > G (t > 0); see [82j . By using exponential coordinates, it turns 
out that 5tx := exp(^ ■ • P Xi-ei-), where x = exp(^ ■ ■, Xi^ei-) E gH Furthermore, we shall set 

J 1 J J J J 1'' J J J 

5t{logx) := t^ Xi-Gi - to denote the induced dilations on the Lie algebra g. The homogeneous 

dimension of G is then the integer Q := X^iLi ^^i; coinciding with the Hausdorff dimension of 
(G,dec) as a metric space; see [65], [72], [36] . 

Definition 2.4. A continuous distance g : G x G — > U {0} is called homogenous if one 
has 

(i) q{x, y) = g{z • x,z • y) for every x, y, z £ G; 

(ii) Q{5tx, 5ty) = tQ{x, y) for all t > 0. 

The CC-distance dec is the fundamental example of a homogeneous distance on any Carnot 
group G. Another example of a homogeneous distance for Carnot groups has been recently 
defined by Franchi, Serapioni and Serra Cassano and can be found in the Appendix of [39]. We 
stress that on every Carnot group there exists a smooth, subadditive and homogeneous norm; see 
|49j . This means that there exists a function || • ||g : G x G — > M+ U {0} such that: 

(i) \\x • y\\g < \\x\\g + \\y\\g; 

(ii) \\5tx\\g = t\\x\\Q [t > 0); 

(iii) \\x\\g = <^ X = 0; 

(iv) \\x\\g = llx-^ll^; 

(v) II • \\g is continuous; 

(vi) II • \\g is smooth on G \ 0. 

For instance, a homogeneous norm g which is smooth on G \ {0} can be defined by 

||X||, := i\xH \^ + \XH, 1^/2 + |A/3 ^ ^ 1^^^ |AA)l/A^ 

where A is a positive number evenly divisible by i, for i = l,...,k. Here |xHj | denotes the 
Euclidean norm of the projection of x onto the i-th layer Hi of the stratification of g (i = 1, fc). 

Having a Riemannian metric, we define the left-invariant co-frame oj := {a;/ : / = 1, ...,n} 
dual to £ In particular, the left-invar^ant 1-formsE uJi are uniquely determined by the condition: 

uji{Xj) = {Xi,Xj) = 5i (/,J = l,...,n) 

^Here, j G {1, k] and ij G Ih^ — {nj-i + 1, Uj}. 
^That is, LpLjj = coi for every p € G. 
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where 6j denotes the Kronecker delta. We remind that the structural constants of the Lie algebra 
associated with the left invariant frame X are defined by 

C^fj := {[Xi,Xj],Xr) {I,J,R = l,...,n) 

and satisfy: 

(i) Csfj + C^^j = 0, (skew-symmetry) 

(ii) Ej=i C^jlC'rm + C^jmC^lr + C^jrC'ml = (Jacobi's identity). 

The stratification hypothesis on the Lie algebra implies the following important property: 

Xi G Hi, Xj G Hm =^ [Xi, Xj] e -H/+m- (4) 
Therefore, if i G Ihs and j G iHr , one has: 

/ ^ m G . (5) 
Definition 2.5. Throughout this paper we shall make use of the following notation: 

(i) := [C%]ijeiH e Mh.xhA^) (« G In,); 

(ii) := [C^h]l,J=l,...,n G A^nxn(M) (« G Iv). 

The linear operators associated with these matrices will be denoted in the same way. 

Definition 2.6. The i-th curvature of the distribution H {i = l,...,k) is the antisymmetric, 
bilinear map, given by 

nH,:H(^Hi — > Hi+i, QhAX 0Y) :=[X,Y] mod yX£H,yYeHi. 

Prom the very definition of k-step Carnot group, it follows that ^Ih^ (•, •) = 0. Note the 1st 
curvature Oh (•, •) := (•, •) coincides with the curvature of a distribution in the sense of [45j . 

Notation 2.7. If Y ^ TG, we denote byY = (Yi, ...,1^) its canonical decomposition w.r.t. the 
grading of the tangent space, i.e. Y = X^fLj^ Vh^ (Y), where Vh^ denotes the orthogonal projection 
onto Hi {i = 1, k). We also set Qv (X, Y) := {X, Y^) for every X £ H,Y e TG. 

The next lemma relates the above notions. 

Lemma 2.8. Let X £ H and Y,Z£ TG. Then we have 

(i) {nn (X, Y),Z) = - ZaeiH, (Z, Xa){CSX, Y); 

(ii) {ny (X, Y),Z) = - Zaeiv Y). 

Proof. The proof is a straightforward consequence of Definition 12.61 and Definition 12.51 

□ 

Definition 2.9. We shall denote by V the - unique - left-invariant Levi-Civita connection 

on G associated with g. Moreover, if X,Y G C°°(G, //)(:= X{H)), we shall set V^F := 
Vni^xY). We stress that is an example of partial connection, called horizontal H- 
connection; see ]6S^ and references therein. 
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Remark 2.10. From Definition \2.9l using the properties of structural constants of any Levi- 
Civita connection, we get that the horizontal connection is flat, i.e. V^.Xj = {i,j G Ih). 
Note that is compatible with the sub-Riemannian metric qh , i. e. 

x{Y, z)h = (vf y, z)h + (y, z)h y x,y,z e x{h). 

This follows immediately from the very definition of and the corresponding properties of the 
Levi-Civita connection V on G. Furthermore, is torsion-free, i.e. 

V^Y -V§X -V„[X,Y]=0 yX,YeX{H). 

For the global left-invariant frame X = {Xi, Xn} it turns out that 

n 

^x,Xj = -J2 (C'fj - C'jR + C'm)XR (I, J = 1, n). (6) 

R=l 

Definition 2.11. If ip ^ C°°(G) we define the horizontal gradient of ip, gradj^^, as the - 
unique - horizontal vector field such that 

{grad„i;,X)„ =dtJ;{X) = XiP ^ X e X{H). 

The horizontal divergence of X £ X{H), divnX, is defined, at each point x G G, hy 

divHX{x) := Trace(y — > VfX){x) {Y G H^). 

We end this section with some examples. 

Example 2.12 (Heisenberg group H"). Let f)„ := TqIHI" = M^"'+-'^ denote the Lie algebra of the 
Heisenherg group H" that is the most important example of 2-step Carnot group. Its Lie algebra 
\)n is defined by the rules 

[ei,ej+i] = e2„+i (7) 

where i = 2k+l and k = 0, 1, and all other commutators are 0. One has f)„ = -fr©Me2n+i 

where H = spanj^jej : i = l,...,2n}. In particular, the 2nd layer of the grading Me2n+i is the 
center of the Lie algebra \)n- These conditions determine the group law • via the Baker-Campbell- 
Hausdorff formula. More precisely, if x = exp XiXi), y = exp {YlfHt^ Ui^i) ^ H"; it 

turns out that 

X»y = exp (^Xi + yi, ...,X2n + y2n,X2n+l + y2n+l + ^ Y2=li^2k-iy2k " 2;2fey2fc-l)) • 

Example 2.13 (Engel group E^). The Engel group is a simple but significant example of a 
3-step Carnot group. Its Lie algebra c is 4- dimensional and can be defined by the rules: 

[ei,e2] =e3, [ei,e3] = [e2,e3] =64. 

The other commutators vanish. One has t = H ® Mes © Me4, where H = spanjjjei, 62}. The 
center of e is Me4 . 

2.2 Hypersurfaces, //-regular submanifolds and measures 

In the sequel, "H™ and will denote, respectively, the usual and the spherical Hausdorff 
measures associated with the CC-distanc^. 

The - left-invariant - Riemannian volume form on G is defined as := Af^iCUi G A"'(TG). 

^We remind that: 
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Remark 2.14. By integrating we obtain a measure dvol^, which is the Haar measure of 
G; see (3^ . Since the determinant of Lx^ is equal to 1 {x £ G), this measure equals that induced 
on G by the push-forward of the n-dimensional Lebesgue measure on = g. Moreover, up 
to a constant multiple, dvol^ equals the Q-dimensional Hausdorff measure Ticc on G. This is 
because they are both Haar measures for G and therefore equal, up to a constant; see l?^ . We 
shall assume this constant is equal to 1. 

In the study of hypersurfaces of Carnot groups we need the notion of characteristic point. 

Definition 2.15. Let S C G be a -smooth (r = l,...,oo) hypersurface. Then we say that 
X G S is a characteristic point of S if dim = dim(iJj;n T^S) or, equivalently, if C TxS. 
The characteristic set of S is denoted by Cs- One has 

Cs:={xe S : dimHx = dim(//^ n T^S)}. 

Thus, a hypersurface S C G, oriented by its unit normal vector i^, is non- characteristic if, 
and only if, the horizontal subbundle H is transversal to S {H iti TS). We have then 

Hp (h TxS ^VHiyx^O^^X e X{H) : {Xx, Up) ^0 (x G S), 

where Vh : TG — > H denotes the orthogonal projection onto H . 

Remark 2.16 (Hausdorff measure of Cs', see [58]). If S C G is a -smooth hypersurface, then 
the intrinsic {Q — 1)- dimensional Hausdorff measure of the characteristic set Cs vanishes, i.e. 

ng-\Cs) = o. 

Remark 2.17 (Riemannian measure on hypersurfaces). Let S C G be a C^-smooth hypersurface 
and let v denote the unit normal vector along S. The (n — 1)- dimensional Riemannian measure 
along S can be defined by 

ar^L5:=(z.JaS)|5, (8) 
where J denotes the contraction, or interior product, of a differential forn^. 

Definition 2.18. Let U <^ G be open and f G L^{U). We say that f has i7-bounded variation 

on U if the following holds: 

\V«f\H{U) := sup{ j f divnYdC : Y G Cl{U,H), \Y\h < l} < oo. 

Let HBV(U) denote the vector space of bounded //-variation functions in U . By Riesz' 
Theorem it turns out that |V^/|h is a Radon measure on U and that there exists a horizontal 
fin -measurable vector field Uf such that = 1 for f\H -a.e. p G U and that 

f f divnYdr = [ {Y,Uf)H d\V^f\H yY£Cl{U,H). 
Ju Ju 

(i) Ti.^c{S) = limj^o+ Ti.]^^ s{S) where, up to a constant multiple, 

nT^AS) = inf I ^ (dmmH (Q))™ : 5 C (JC; diam« (C,) < 

i i 

and the infimum is taken w.r.t. any non-empty family of closed subsets {Ci}i C G; 

(ii) S^{S) = lim^^Q+ Sl!l g{S) where, up to a constant multiple, 

5™,«(S') =inf 1^ (^diam«(BO)'" : S c\JB,; diam„ (B,) < 5^ 

i i 

and the infimum is taken w.r.t. closed d/j-balls Bi. 

^The linear map J : A'=(rG) ^ A'="^(rG) is defined, for X € TG and cj* G A'=(rG), by 
iXJu;''){Yi,...,Yk-i) ■.= Lj'=iX,Yi,...,Yk-i); see [50], [32]. 
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We say that a measurable set E C G has finite H-perimeter in U if xe £ HBV{U). The H- 
perimeter of E in U is the Radon measure \dE\H (U) := \'^^Xe\h (U). We call generalized 
unit i^-normal along dE the Radon R^'-measure ve := see J^, H^, \3^\3g\Mi, UM- 

Just as in [66l|68l[69] (see also [21], [55], [78j), since we are studying smooth hypersurfaces, 
instead of the previous "weak" definition of //-perimeter measure, we shall define an (n — 1)- 
differential form which, by integration, coincides with the //-perimeter measure. 

Definition 2.19 (aS^^'^-measure on hypersurfaces). Let S <ZG be a -smooth non- characteristic 
hypersurface and let us denote by u its unit normal vector. We will call unit //-normal along 
S, the normalized projection of v onto H, i.e. 



We then define the (n — 1)- dimensional measure cr^~^ along S to be the measure associated with 
the (n - 1)- differential form al'^ G A^-^TS) given by contraction of the volume form of G 
with the horizontal unit normal v^j, i.e. 



ar'^S:={u^JaUs. (9) 

If we allow S to have characteristic points we may trivially extend the definition of a^"^ by 
setting ag-^L Cs = 0. Note that a'^'^LS = \Vhv\ ■ a^'^ L S. 

From the definition we immediately get that 

ariL5 = ^ ul{XiJal,)\s=Y. * LOi\s = Y^i-iY^^y^ {u^i ^ ... ^ ^ ... ^u^n)\s, 

where := {v^,Xi) {i G Ih). The symbol * denotes the Hodge star operation; see [50], [53] . 
Remark 2.20. We would like to point out that 

aT\Sr\U)= f J(Xi,ne)|„ + ... + (X^i,ne)|„ d^u', (10) 
where denotes the unit Euclidean normal along S, and that its unit H -normal is given by 



{Xi,ne)'^n + ... + {Xi^, -ne)rei 



Here, the Euclidean normal along S and the vector fields Xi (i G Ih) of the horizontal left- 
invariant frame Xh , are thought of as vectors in R", endowed with its canonical inner product 
{., •)iRn. We note that the - Riemannian - unit normal v along S may be represented w.r.t. the 
global left- invariant frame X_ for G, in terms of the Euclidean normal rig. One has 

Lx^ne{x) 

where L,,{.) = [Xii.), ...,Xn{-)] £ M 

The comparison between different notions of measures on submanifolds, is a basic problem of 
GMT in the setting of Carnot-Caratheodory spaces; see [9], [lO], [581I59], [E1I381I39]. In the case 
of smooth hypersurfaces in Carnot groups, one may compare the //-perimeter measure with the 
{Q — l)-dimensional Hausdorff measure associated with either the CC-distance dec or with any 
homogeneous distance g. In general, thanks to a remarkable density estimate for //-perimeter 
measure proved in [2], one can prove the following: 
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Theorem 2.21. If S C G is a C -smooth hypersurface which is locally the boundary of an open 
set E having locally finite H -perimeter, then 

\dE\H{B) = kf,{vjj)S^-^^{Sr\B) yBeBor{G), (11) 

where kg{iy^) depends on v^j and on the fixed homogeneous metric g on G 

This "density" is sometimes called metric factor, see [58]. Because of regularity of dE, it 
turns out that 

\dE\H{B) = a'^-^\_{SnB) 

for all B E Bor{G). A proof of the previous theorem can be found in [58]. We shall extensively 
discuss the previous result throughout Section [3l 

Definition 2.22. // 1/^ is the horizontal unit normal along S, at each regular point x € S \ Cs 
one has that = {i^u)x © H^S, where we have set H^S := H TxS; H^S is the horizontal 
tangent space at x along S. Moreover, we define in the obvious way the associated subbundles 
HS{C TS) andv^S, called, respectively, horizontal tangent bundle and horizontal normal 
bundle of S. 

Remark 2.23 (Induced stratification on TS; see 06]). The stratification of the Lie algebra g 
induces a "natural" decomposition of the tangent space of any smooth submanifold of G. Let 
us analyze the case of a hypersurface S C G. More precisely, let us intersect, at each point 
X G S, the tangent spaces T^S C T^G with = ©j=i(-ff,)x- We shall set T^S := TS Ci T^G, 
n[ := dimT^S" and HiS := T^S\ T^~^S. Note that HS = HiS. From the previous construction it 

follows that TS := (B^^-^^HiS and that Yli=i n[ = n — 1. Henceforth, we shall set VS := ©f=2-^«'^- 
One can show that the Hausdorff dimension of any smooth hypersurface S, w.r.t. the CC- 
distance dec, is given by the number Q-l = Y.i=i i n[; see JJ^, JTS^, fS^ \33l, JM\M\M W^, 
f55^ . We would like to stress that, if at each point x G S, the horizontal tangent bundle HS 
is generic and horizontal, then the couple {S,HS) is a k-step CC-space; see Section \2.1{ More 
generally, we stress that, at the characteristic set of a smooth hypersurface S <ZG, the dimension 
of the horizontal tangent bundle HS coincides with that of H , i.e. n'^ = h. This, in particular, 
implies that only a non- characteristic domaii^ U Q S can be generic at each point. 

Example 2.24. Let us consider the case of a smooth hypersurface S C H" where H" denotes 
the (2n + 1)- dimensional Heisenberg group. If n = 1, then the horizontal tangent bundle HS 
of S cannot be a 2-step CC-space because HS is 1-dimensional. Nevertheless, if n > 1, this 
is no longer true. Indeed, each non- characteristic domain U C S turns out to be generic and 
horizontal. 

If we consider an immersed submanifold S""* C G of codimension i > 1, what above can be 
generalized in the following way: 

Definition 2.25. We say that an i-codimensional submanifold S""* of G is geometrically 

//-regular at x G S if there exist linearly independent vectors v^, ■■■■,1^^ G Hx transversal to S 
at x. Without loss of generality, these vectors may also be assumed to be orthonormal at p. The 
horizontal tangent space at x is defined by 

HxS '.= Hx n TxS. 

If this condition is independent of the point x £ S, we say that S is geometrically H -regular. In 
such a case we may define the associated vector bundles HS{c TS) and v„S, called, respectively, 
horizontal tangent bundle and horizontal normal bundle. One has 

Hx := HxS © Ru^ © ... © Mz/ . 

^Domain means open and connected. 
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Definition 2.26 (Characteristic set of *). The characteristic set Cs of any -smooth 
i-codimensional submanifold S"^* C G is defined by 

Cs:={xG S : dimH^ - dim{H^ n T^5) <i-l}. 

Remark 2.27 (Hausdorff measure of C^n-i). The above definition of Cs has been used in 159^ . 
where it was shown that the (Q—i)- dimensional Hausdorff measure -w.r.t. dec- of any -smooth 
submanifold S"""' C G vanishes, i.e. Ti-cc^iCs) = 0. 

Definition 2.28 (c72~*-measure). Let S"""* d G be an i-codimensional, geometrically H -regular 
submanifold. Let G u^jS and assume they are everywhere orthonormal. We shall set 

and define the (n — %)- dimensional measure o"^"* along S to be the measure associated with the 
{n — i)- differential form ct"~* G A"'~*(TS') given by the interior product of the volume form ofG 
with the i-vector v^, i.e|l 

cTr*L5:=KJaS)|5. (12) 

Remark 2.29. The measure cr^~^ is {Q — i) -homogeneous, w.r.t. Carnot dilations {5t}t>o, i-e. 
^t^H~^ = t*^^V2^*. This easily follows from the definitions. Moreover, it can be shown that the 
measure equals, up to a normalization constant, the Q — i- dimensional Hausdorff measure 
associated to a homogeneous distance g on G; see Wl^ . 

2.3 Geometry of immersed hypersurfaces 

We now introduce some notions, useful in the study of non- characteristic hypersurfaces; see 

[Ml Eg EH] m], [SIET!, IM1E5], [271[28]. 

Let 5" C G be a C^-smooth hypersurface. We stress that, if V^'^ is the connection induced 
on S from the Levi-Civita connection V on <d^, then V^^ induces a partial connection , 
associated with the subbundle HS C TS, which is defined b}0 

vf y := Vhs (vf y) (X, Yens). 

Starting from the orthogonal decomposition H = HS © z^^S" (see Definition I2.22p . we could also 
define by making use of the classical definition of "connection on submanifolds" ; see |15j . 
Actually, it turns out that 

VfY = V^Y-{V^Y,u„)HU^ {X,YeHS). 

Definition 2.30. We call ifS -gradient of ip £ C°°{S) the unique horizontal tangent vector 
fields of HS, gradjjsTp, satisfying 

{gradHstp, X)„s = dtp{X) = XtP ^ X € HS. 

We denote by divns the divergence operator on HS, i.e. if X £ HS and x £ S, then 

divHsX{x) := TYace(y — > Vf X)(x) {Y G H^^S). 

Finally, A^^ denotes the //5-Laplacian, i.e. the differential operator given by 

Ahs^ := divHs {grades ^) (?/^ G C°°(5)). (13) 

*For the general definition of tlie operation _l see [32], Cli.l. 
^Tfierefore, V™ is tlie Levi-Civita connection on S; see [15) . 
^"Tfie map Vhs : TS — > HS denotes the orthogonal projection of TS onto HS. 
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Definition 2.31. The sub-Riemannian horizontal II fundamental form of S is the map 

Bh : HS X HS — > v^S given by 

B„ (X, Y) := (Vf y, u„)h v„ (X, Y G HS). 

Moreover Tin G y^S is the horizontal mean curvature vector of S, defined as the trace of 
Bh, i.e. Tin = TtBh- The horizontal - scalar - mean curvature of S, denoted by Tin , is 
defined by Tin := {Tin We set 

Bh{X,Y) := {V^Y,u^)h {X, Y eHS). 

The torsion Ths of the partial HS-connection is defined by 

Ths {X, Y) := Vf y - Vf X - Vh [X, Y] {X, Y G HS). 

The trace TV is computed w.r.t. the 1st sub-Riemannian fundamental form gus = {■,-)hs, 
which is the restriction to S of the metric gn , i.e. gns ■= gn \hs = g\HS- Bh {X, Y) is a C°°(S')- 
bilinear form in X and Y. We stress that the torsion has been defined because, in general, Bh 
is not symmetric; see ^68j. 

We now remind the notion of adapted frame; see |68) . Roughly speaking, we shall "adapt" 
in the usual Riemannian way (see, for example, [8T]) an orthonormal frame to the horizontal 
tangent space of a hypersurface. If f7 C G is open, we set U := U Ci S and, for a while, we shall 
assume that U be non-characteristic. 

Definition 2.32. An adapted frame to U on U is an orthonormal frame r := {ri, r^} on 
U such that: 

(i) Ti\u ■= t'//; (ii) Hj^ = span{(T2)p, {Th)p} {p G U); (iii) := Xa- 

Notation 2.33. Remind that In = {1,2, ...,h} and that Iv = {h + l,...,n = dimG}. In the 

sequel, we shall also set Ins ■= {2,3,...,h} and we shall assume that 

~^H of HS o.n. basis of V 

For any adapted frame t, we shall denote by (p := {(pi, ...,(pn), its dual co-frame. This means 
that (j)i{Tj) = 6 J (Kronecker) (/, J = 1, n). 

Note that every adapted orthonormal frame to a hypersurface is a graded frame. 
Throughout this paper, we shall frequently use the following notation: 

Definition 2.34. Let S C G be a C^-smooth hypersurace oriented by its - Riemannian - unit 
normal v. Then we shall set 

(i) ro«:=^ {a£lv); 

(ii) W := Y.a&Iv '^c.Ta; 

(iii) Ch := Ha^In^ ^aC'S; 

(iv) C:=E.e/,^aC-. 

Moreover, for any a G Ih2, we shall set Chs ■= Ch\hs to stress that the linear operator Chs 

only acts on horizontal tangent vectors, i.e. {CHs)ij '■= {CnTjiTi) fori,j G Ins- Accordingly, 
Chs ■■= Y^aelH^ ^°^^HS ■ 
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Remark 2.35. The horizontal second fundamental form Bh is not symmetric, in general. 
Thus Bh can be regarded as the sum of two matrices, one symmetric and the other skew- 
symmetric, i.e. Bh = Sh + Ah , where the skew- symmetric matrix Ah is explicitly given by 
Ah = ^ Chs ; see JUBf . In this regard, we would like to stress that, for every X, Y ^ HS, the 
following chain of identities holds true: 

THs(X,y) = Bh{Y,X)-Bh{X,Y) 
= {Vh[Y,X],u„)u, 
= {[X,Y],w)u„ 

= {nHix,Y),w) 

= -{ChsX,Y). 
2.4 Integration by parts on hypersurfaces 

In this section we shah discuss horizontal integration by parts formulas for smooth hypersurfaces, 
immersed in a fe-step Carnot group G, endowed with the iJ-perimeter measure crS~^j see, for 
instance, [Ml EH ES] , but also [271128]. 

Let S C G be a C^-smooth hypersurface and letU C 5 be a relatively compact open set with 
C^-smooth boundary (or, smooth enough for the application of Stokes' Theorem). If X G 
by definition of cj^"^, using the Riemannian Divergence Formula (see [ST]), one gets 

d(XJar^)|w = d{\VHu\X Ja''~^) = diVTsi\VHiy\X)a';,-^ 

where grades and divrs are, respectively, the tangential gradient and the tangential divergence 
operators onU G S. However this formula is not so "explicit" from a sub-Riemannian point of 
view. The notion of adapted frame was introduced to bypass this inconvenience by allowing us 
to make explicit computations. 

Let r be an adapted frame to C 5" on the open set U and let (p := cpn} be its dual 

co-frame, obtained by means of the metric g. It is immediate to see that the iJ-perimeter a^~^ 
on U is given by 

ar^LZ^ = {u^Ja'')\u = *Mu = {(l)2/\-/\(l>n)\u 

= (-l)"+i(ro^)'Vi A... A0;;A...A</.„)|w {a£lv), 

where the last identity makes sense only if Ua 7^ (0. By direct computations based on the 
1st Cartan's structure equation for (f), one obtains divergence-type formulas and some easy but 
useful corollaries; see [66 | [68 l [69]. 

Remark 2.36 (Measure on the boundary dU). Before stating these results we would like to 
make a preliminary comment on the topological boundary dli oflA. Firstly, let us assume that 
dlA is a {n — 2) -dimensional manifold, oriented by its unit normal vector rj. Let us denote by 
(Jr~'^ the usual Riemannian measure on dU, which can be written out as 

This means that if X ^ ^iU), then 

{X J aT^)\Qu = {X, v)\'Phu\ 2 L dU. 

^^With respect to the adapted frame r, the Riemannian unit normal v is given by u = viTi + "^^aeiv ^"'''ai 
where ri := i/^, :— \'Ph and Tc — Xa- Remind also that zua := 
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Let us further assume that dU be geometrically H -regular. This is equivalent to require that the 
projection onto HS of the unit normal ij along dlA he non-singular, i.e. \VHsr]\ ^ for every 
p £ dU. We shall denote by Cqu the characteristic set of dlA, which turns out to he given hy 

C9u = {pedU:\VHsv\ = ^}- 
From Definition \2.28\ it follows that 

n-2, 07/ / 'PHsri 1 



\\rHsri\ " J aw 

or, equivalently, that a^'^L dU = \VhI'\ ■ \V hs ri\a^~'^ \— dU. Setting tjhs '■= , we will call 

rjHs the unit horizontal normal along dU. We get then 

(XJar^)law = (X,??Hs)(Tr^L9^/ y X £ C\S,HS). 

The proof of the next results can be found in 



Theorem 2.37 (Horizontal Divergence Theorem ). Let G be a k-step Carnot group. Let S C G 
he an immersed hypersurface andU C S\Cs he a non- characteristic relatively compact open set. 
Assume that dU is a smooth, {n — 2) -dimensional manifold oriented hy its unit normal vector 
rj. Then, for every X G C^{S, HS) one has 



I {diVHsX + {C„i^„,X)}a'^~^ = [ {X,r]„s)(j'^~^ 
Ju JdU 



Corollary 2.38 (Horizontal integration by parts). Under the hypotheses Theorem 2.37[ for 
every X G C^{S, H) one has 



[ {diVHsX + {CHU^,X)}a';j-^ = - I (X,?^^)ar^+ / {X,r]Hs)(j'i-^. 
Ju Ju JdU 

Proof. It follows by Theorem 12.371 and Definition 12.311 □ 

A simple consequence of Corollary 12.381 is the following: 

Corollary 2.39 (Integral Minkowsky-type formula). Under the hypotheses of Theorem \2.31\ 
let xh := ^ig/^ XiXi be the '^horizontal position vector" and let gn denote its component along 
the H -normal , i.e. gn := {xh Then 



/ {{h- 1) + gnHH + {CHU^,XHs)}aH ^= / {xh ,riHs) ags ' 
Ju JdU 



_n-2 

XH , f/HS / c 

lU ' " ' JdU 

Proof. Apply Corollary 12.391 to the position vector field xh ■ □ 



Remark 2.40. Let S C G be a compact C'^ -smooth hypersurface with boundary and letUe (e > 0) 
be a family of open subsets of S with piecewise C"^ -smooth boundary such that F^.^ 



^^This function could be called "horizontal support function" of xh . 

^''As shown in ^S] (see Lemma 5.11) such a family exists and can be constructed by covering the characteristic 
set Cs (that is a closed subset of S having - at most - (n — 2)-dimensional Riemannian Hausdorff measure) with 
Riemannian balls of "small" radii. We would like to stress that (iii) can easily be proved by using Stokes' Theorem. 
Indeed one has 

d(|7'«!y|ar')L = (d|P«z.| Aar' + |7'«i'l Ad<7r')L (14) 



fd\VHv\ 



+ \Vh u\divTsri^a"i ^ L We 



where rj is any smooth enough vector field on We extending the unit normal vector rj along 9We which is, by 
construction, piecewise C^-smooth. Since \Vh v\ is a bounded Lipschitz function and t) is smooth, the function 
( ^^ g^*^ + \V H v\div TsT]) is bounded and (iii) follows by integrating both sides of fH)) along We, using Stokes' 
Theorem and (ii). 



19 



(i) Cs C Ue for every e > 0; 

(ii) ar'(^e) ^O^re^O+; 
(iii) J^jrHu\a'^-^^Ofore^O+. 

Incidentally, we stress that (iii) immediately implies that a^~'^{dlAe) — > for e — > 0^. By 
using this family, one can extend the previous formulae to the case of hypersurfaces having a 
non-empty characteristic set. Indeed, let us apply Theorem 2.31 to the non- characteristic set 
S \ for some (small enough) e > 0. It turns out that 

[ {diVHsX + {CHiy„,X)]a''~^ = f {X,r]Hs)a';,-^- [ {X,r]Hs) a^^-^ . 
Js\W JdS JdW 

Since Cs is a 0-measure set w.r.t. the a]!j^^ -measure, by letting e ^ 0^, we easily get that 



lim / {divHsX + {Ch1^h^X)}^h'^ = f {diVHsX + {Ch1^h,X)) 
-^0+ Js\u, Js 



Furthermore, by using (iii), one gets that the third integral vanishes. Therefore, all the results 
previously stated can be applied also to the case of hypersurfaces having non-empty 
characteristic set. 

In the sequel we shall first introduce a natural 2nd-order tangential operator which acts on 
functions defined along any smooth non-characteristic hypersurface of the group. 

Definition 2.41. Let S G G be a smooth non- characteristic hypersurface. Then we denote by 
Vhs the differential operator defined by 

Vhs^P := Ahs^P + {Chv^, grades for every ip G C^{S). 

Moreover, we shall denote by Vhs the differential operator T>hs ■ X{HS) — > M given by 

Vhs{X) := divHsX + {Chu^,X) for every X G X{HS). 

Note that Vhs^ = V hs (gradns ■ 

We stress that the previous results and, in particular. Remark 12.401 allow us to immediately 
deduce the next: 

Proposition 2.42 (Some properties of Vhs and Vhs)- Let S C G be a C'^ -smooth hyper-surface 
with - or without - boundary dS. With the previous notation we have: 

(i) l^VHsfa"^-^ = for every ip E Cg°(5); 

(ii) jgijjVHsV^'^ = jspVHsTpa'^'^ for every V e C~(5); 

(iii) Vhs{vX) = pVnsX + {gradns^^X) for every X G X{HS), if G C°°(5); 

(iv) f^VHs^a'^-^ = jQsdp/driHs for every ip G C°°(5); 

(v) fg{ipVHsy^-^VHsip}a'^,-^ = Jasiipd^/dms - ^d^ / drins} a^'^ for every cp, i; E C^{S); 

(vi) Jg^J;VHsip(TH~^+Jg{gradHs^p,gradHsip)crH~^ = fQgTpdip/dr]Hs a for every ip,!/; G C°°(5). 
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Proof. All these properties easily follow from the results previously stated in this section and, 
in particular, Theorem 12 . 371 and Remark 12.401 Note also that (ii) holds true even if only one of 
the two functions is compactly supported on S. □ 

Definition 2.43 (The eigenvalue problems for the operator Vhs). Let S <Z G he a compact 
hypersurface without boundary. Then we look for C"^ -smooth solutions of the problem: 



(Pi) 



If dS ^ 9 we look for -smooth solutions of the following problems: 



(P2) 



ip\ds = 0; 



(P3) 



VHsij = x^ (Asm, i)ec\s)); 



driHS \dS ^' 



where we explicitly note that = {gradHsip,r]Hs) . 

The problems (Pi), (P2) and (P3) generalize to our context the classical closed, Dirichlet 
and Neumann eigenvalue problems for the Laplace-Beltrami operator on Riemannian manifolds. 

2.5 1st variation of cr^^ 

In this section, we recall and explain the 1st variation formula of The presentation given 

here closely follows that given in [US], but provides a further analysis of the case of hypersurfaces 
having non-empty characteristic set; see also [271 [28], [SS], [21], [75], [Ml [55]. As references, for 
the Riemannian case, we mention Spivak's book [81] and also the paper by Hermann [51j . 

Let G be a /c-step Carnot group and let 5 C G be a C^-smooth hypersurface oriented by its 
unit normal vector v. Moreover, letli <Z S\ Cs be a non- characteristic relatively compact open 
set and let us assume that dlA is a (n — 2)-dimensional C ^-smooth submanifold oriented by its 
outward unit normal vector r]. 

Definition 2.44. Let i : U ^ G denote the inclusion oflA in G and let : (— e, e) x U ^ G be 
a smooth map. Then -d is a smooth variation of i if: 

(i) every 'dt '■= ^{i, ■) :U ^ G is an immersion; 
(ii) ??o = ^■ 

Moreover, we say that the variation ?? keeps the boundary dU fixed if: 
(iii) i&tldU = Aau for every t G (-e, e). 

The variation vector of 'd, is defined by W := ^|j_q = ^*-§i\^_q- 

For any t G (— e, e) let be the unit normal vector along Ut := i?t(^) and let (cr^"^)* be the 
Riemannian measure on Ut. Let us define the differential (n — l)-form (cr^"^)* along Ut, by 

(cTr')tb. = {^'h J ^S)b. G A^-\TUt) t G (-6, e) 

where 4 := Moreover, let us set r{t) := '&*{a'i-^)t G A''-^{TU), t G (-e,e). The 1st 



variation lK{W,a^ ) of is given by 

dt 



Iu{W,ar') = i( l^m) = JjiO)- (15) 
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Theorem 2.45 (1st variation of cr^ Under the previous hypotheses we have 

Iu(W,ar') = - [ W«(^>F5^)<^'+ / {W,v)\VHu\ar'. (16) 
Ju \ \Vhu\/ Jau 

For a proof see, for instance, [68]. It is clear that, if we allow the variation vector to be 
horizontal, then (jlOp becomes more "intrinsic". 

Theorem 2.46 (Horizontal 1st variation of a'^~'^). Under the previous hypotheses, let us assume 
that the variation vector W of 'd he horizontal. Then 

I^{W,ar') = - [ {n^,W)ar'+ [ {W,VHs)ar'. (17) 

Proof. Use Theorem 12.451 and Remark 12.361 □ 
Therefore, in the case of horizontal variations, remembering Corollarv 12.381 we get 

Iu{W,a'^-') = I {divHsW + {CHi^H,W)}a'^-\ 
Ju 

We stress that the horizontal 1st variation formula p7|) is the sum of two terms, the first 
of whose only depends on the horizontal normal component of W, while the second one, only 
depends on its horizontal tangential component. 

The previous formulae provide the 1st variation of cr^~^ on regular non-characteristic subsets 
of S containing sptVF. In the following remark we explain how one can extend the previous 
results to include the case in which the hypersurface has a possibly non-empty characteristic 
set Cs. A similar remark in the case of the Heisenberg group was done in a recent work by 
Ritore and Rosales [78j; see also [55j. 

Remark 2.47 (1st variation: case Cs 7^ 0). Let S C G be a C'^-smooth hypersurface and let 
W G C"'^(5, TG) be the variation vector field. Moreover, let us assume that Hh G L^{S). First, 
we note that the function \VhI'\ is Lipschitz continuous and that \Vhv\ vanishes along Cs- Now 
let (e > 0) be the family of open subsets of S defined in Remark \2.40\ For every e > one 
computes 

Is{W,ar') = Is\uSW,ar')+IuSW,ar'). (18) 
The first term is then given by the previous Theorem \2.45[ ' 



Is\uSW,cTr') = - [ nH(w,-^)ar'+ [ {W,v)\rHu\ar^+ [ {W,ri-)\rHu\a 
js\w ^ \I''hv\i Jss Jaw 



n-2 

R. 1 



where r] denotes the outward unit normal of S\IA^ along dlA^. The second term in (|18|) can be 
computed as follows: 



d 



dt 

Note that 



u. 



t=o Ju. 



d 



dt' " ^^u=o- 



|k-^)4=o = jt\'P"-%=o-r' + i^«h|k-^)4=o- (19) 

Clearly, the first addend is bounded, since the function \Vhv\ is Lipschitz, while the second one, 
up to the bounded function \VhI'\, is just the (n — l)-form ■^{a^~^)t\t=o, which expresses the 
"infinitesimal" 1st variation formula of the - Riemannian - (n — 1)- dimensional measure; see 
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/57] /. f81]j . Actually, the previous formula can also be rewritten in terms of Lie derivatives; see 
!166[ \ 68[ \ 69^ . More precisely, it turns out that 

From this formula, Cartan's identity and a simple computation, it follows that 



JW ^ ) \ \I''hV\I Jqu^ 

where rj~^ denotes the outward unit normal ofUe along dlA^. Since TIh € L^{S) and since T'Cr is 
locally bounde^^. by using (ii) of Remark \2.40[ we easily get I^^'{W,a^~^) — > for e ^ 0^. 
Moreover, sinc^^rj^ = —rj~ along dUe, it follows that 



Js\u, ^ \yHiy\/ Jos 
for every e > 0. Therefore, by letting e — > O"*", we finally obtain 

Is{W,aT^) = - f nH{w,-^\ar^+ f {W,^)\VHv\aT\ (20) 
Js \ \Vhu\/ Jqs 

which coincides formally with compare with \78^ , ]55^ . 

The previous Remark 12.471 enables us to state the fohowing: 

Corollary 2.48 (1st variation of cr^^^). Let S C G be a C'^-smooth hypersurface having possibly 
non-empty characteristic set Cs- Then, the 1st variation formula (fT6]) holds true. 



Remark 2.49. Let us consider the case of a C'^ -smooth surface S C H^, where denotes 
the 1st Heisenberg group on M^. Moreover, let us choose, as a vector variation W for S, the 
following "singular" vector field W := pp^^j w G 00(5"). Actually, W degenerates at Cs, since 
\Phv\ = along Cs- So let us introduce the following partition of S, S = {S\Ue) UU^, where 
denotes an element of the family of open subsets of S defined in Remark \2.40\ By using formula 
(jl6p for the non- characteristic set S\Ue, the very definition ofW and the fact that W\gs = 0, 
we get that 

Is\Ue{W,a'!,-^) = - [ nHwal+ f {W,r^-)\VHv\al 

JS\W JdU^ 

= - / nHwa\+ I w{v„,r]')a\ 
JS\W JdW 

= / {divTs{wv^^) — HHw}a\, 
Js\w 

Since S is C'^, the Riemannian mean curvature T-Lr is continuous along S. 
^^We stress that dUe is the common boundary of We and S\Ue. 
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where ij is the outward unit normal of S\Ue along dU^ and v^^ denotes the tangential component 
of along TS. Note that the last identity is just the Riemannian Divergence Theorem. If 
TLh G L^(S', 0""^"'^), hy Dominate Convergence Theorem one finally obtains 



>0+ 



lim / { div TS iwu^^ ) - Hh w}a„ 



/ HHwa\+ lim / divTs{wv'^^)a\; 



compare with Lemma 4.3 in 178\ 



3 Blow-up of the horizontal perimeter cr^ 



Let S" C G be a smootlf^ hyper surf ace. In this section we shall discuss the behavior of the 
horizontal perimeter ci^"^ near any point x £ Int(S'). More precisely, we shall analyze the 
following limit: 

where Bg{x, R) is the - homogeneous - ^)-ball of center x and radius R. Here, the point x G IntS 
is not necessarily non- characteristic. This is the main difference with some previous results in 
literature; compare, for instance, with the results obtained by Magnani in [58l|59]; see also [9], 

mm. m- 

However we shall briefly discuss, to the sake of completeness, the non-characteristic case, to 
better understand the differences. So let us state the following: 

Theorem 3.1. Let G be a k-step Carnot group. 

Case (a) Let S be a C^-smooth hypersurface and x G S \ Cs; then 

al-\Sf\B^{x,R))^ K^{v„{x))R^-^ for i? ^ 0+, (22) 

where the constant Kg{u^{x)) is that of Theorem \2.21\ and is given by 

K,(y^ (x)) = al-^{X(v^ (x)) n B,{x, 1)), 

where Z{i>jj{x)) denotes the vertical hyperplane orthogonal to Vj, (x) F^. 

Case (b) Let x G Cs and let us assume that, locally around x, there exists a £ Iv , ord(a) = i, such 
that S can be represented as the exponential image of a -smooth X^- graph. For sake of 
simplicity and without loss of generality, let x = G. In such a case one has 

Sr\B^{x,r) C exp{(Cl, ...,Ca-l,'0(C),Ca+l, •••,Cn) |C := (Cl,-",Ca-l,0,Ca+l, ■•■,(«) G 6^}, 

where ijj : e-^ = W^~^ — > R is a C* function. If ip satisfies 



(0) =0 whenever ord(ji) + ... + ord(j;) < i (23) 



^'^See later on, for a more "precise" requirement. Indeed, as will be clear, the regularity assumptions will be 
fundamental for the rest of this section. 

^^Notice that X{Ujj{x)) corresponds to an ideal of the Lie algebra g. 
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for every I E {1, then it follows that 

ar'(5ni?,(x,i?)) ~/^,(C5(x))i?«-i for R ^ 0+ (24) 

where Kg{Cs{x)) can be computed by integrating a^~^ along a polynomial hypersurface of 
anisotropic order i = ord(a) depending on the Taylor's expansion up to order j < i of 
at G M"^^. More precisely, it turns out that 

f^eiCsix)) = ar'(^oo n Bg{x, 1)), 

where the limit-set is given by 

*oo = {(Cl,-,Ca-l,V^(C),Ca+l,-,Cn)|C ee^} 

and ip is the homogeneous polynomial function of degree I and anisotropic order i = ord(a) 
defined by 

ord(ji)=i ord(ji)+ord(j2)=i 
ord(ji)+...+ord{ji)=i 

Finally, if ()23p does not hold, then 

a'^-\SnB^{x,R)) — >0 for R^0+. (26) 

Proof. Let us preliminarily note that the limit above can be calculated at the identity G G, by 
using a suitable left translation of S. More precisely, by left-invariance of one computes 

a'^-^S n B^{x, R)} = a'^-^ix"^ • {S D B^{x, R))} = a'^-^Hx'^ • S) D B^{0, R)} {x e Int(5)), 

where the second equality easily follows from the additivity of the group multiplication •. 

Now let us set Sr{x) := S H Bg{x, R) and 

Sr := . Sr{x) = (x"i . S) n B,{0, R). 
Furthermore remind that, by the homogeneity of the metric g and by invariance of cr^^^ under 



(positive) Carnot dilationq^ it follows that 

^h-'{Sr{x)} = c7r'{SR{6,/RS) n B,{x, R)} = R'^-'ar'm/RS) n B,{x, 1)} {R > 0). 
With these preliminaries, the blow-up procedure can easily be done. One has 



RQ-^ 



'Jh-'K^i/rS) n B,ix, 1)} = ar'KSyRSUx)}. 



Hence the limit we have to compute is the following: 

l/R 



hm, ar'iiSuRSUx)}. 



R^0+ 



^**More precisely, one has S^a^^'^ = i'5"V2"\ St {t G R+); see Section [2T 
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By left-translating at G G the set {5i/jiS)i{x), one gets 

• {{^i/rS)i(.x)} = Si/ji{{x~^ • S)i}, 
and, by left-invar iance of u^"^, one has 

^r'{{Si/RS)i{x)} = ar'{{Si/R{x-' • 
for all R> 0. Now, let us begin the analysis of the non-characteristic case. 

Case (a). Blow-up at non-characteristic points. Let us assume that S C G is a C^- 
smooth hypersurface and that x £ S is non- characteristic. In such a case, at x, the hypersurface 
S is oriented by the horizontal unit normal vector v^{x), i.e. Vu{x) is transversal to S at x. 
Thus, at least locally around we may think of S as the (exponential image of the) graph of 
a C^-function w.r.t. the horizontal direction i'u{x). Moreover, at the level of the Lie algebra 
g = TqG, one may perform an orthonormal change of coordinates in such a way that 

ei = Xi(0) = {L^-i)^u„{x). 

By the classical Implicit Function Theorem, we may write Sr = x~'^ • Sr{x), for some (small 
enough) r > 0, as the exponential image in G of a C^-smooth graplF^ 

^ = {(V'(e),e)iCGK""'}c0, 

where ip : = W^~^ — > M is a C^-function satisfying: 

(ai) ^(0) = 0; 

(a2) grad^^-ii/jiO) = 0. 

By this way we get that Sr = exp^ 3^(0, r), for all (small enough) r > 0. Clearly, this remark 
can be used to compute 

hm arH('^i/i?,(x~'«5))i}- (27) 
So let us us fix a positive r satisfying the previous hypotheses and let < i? < r. We have 

{6yR{x-'.S))i = 6yR{x-'.Sr{x))nB,{0,l) 

= <5i/K(exp^ni?,(0,r))ni3,(0,l) 
= exp{5yR^nB,{0,r/R))nB,{0,l) 

= exp{6yR^)nB,{0,l), (28) 

where 5t are the Carnot dilations induced on the Lie algebra g, i.e. 6t = exp o 5t {t £ IR+), or 
equivalently, 6t = log o 6t{t £ M+). Furthermore we have 

l/R^ = l/R{m),m e IK""'} = {(^>(^i/i?)le^(o)|e e m--^}. 

By using the change of variables ( := ('^i/_R)le-L (0> '^^ therefore get that 

Actually, since the argument is local, may be defined just on a suitable neighborhood of G e^^ = R"~^. 
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Remind that ip E C^{Uo) where Uq is a suitable open neighborhood of G ^. From (ai) and 
(02) we obtain 

^'(e) = V'(o) + (WRn-iV'(o),e>Rn-i +o(iieiiRn-i) = o(iieiiMn-i), 

for C ^ G M""^ Finally, since ||(^R)lejL(C)llR"-i — ^ as long as i? ^ 0+, it follows that 

= lim Jyn^ = expiei) =I{Xi{0)). (29) 

We stress that I{Xi{0)) is the vertical hyperplane through the identity G G and orthogonal to 
the horizontal direction Xi{0). Hence, the limit (j27p can be computed by using ()28p and ()29p . 
More precisely, we have 



By the previous change of variable, it is also clear that 

ar\l(.Xi{0)) n B,{0, 1)) = ar\T{i^Ax)) n B,{x, 1)). 

As it can easily be seen, the horizontal perimeter a^~^ restricted to any vertical hyperplane 
coincides with the Euclidean Hausdorff measure "Heu ^ ™ hyperplane X{vjj{x)), i.e. 

(Tg~^LenTK(x)) =Ku^LenJ(i/„(x)) V i3 G eor(T(i/„(x))). 

Therefore 



which was to be proven. 



Now we continue the study of the characteristic case. 



Case (b). Blow-up at the characteristic set. We are now assuming that S C G is a 
-smooth hypersurface [i > 2) and that x G Cs, i-e. is a characteristic point. In such a case 
the hypersurface S is oriented, at the point x, by some vertical vector. Hence, at least locally 
around x, we may think of S as the (exponential image of the) graph of a C'-function w.r.t. 
some given vertical direction Xa {a G Iv) which is transversal to S at x, i.e. {Xa{x), ^{x)) 7^ 0, 
where v is the Riemannian unit normal vector to S at x. Here Xa is a vertical left-invariant 
vector field of the fixed left-invariant frame X_ = {Xi, on G and a & Iv is any index of 

"vertical" type; see Section [2.11 Notation 12.31 Furthermore, we are assuming that 

ord(a) := i (i G {2, .., k}). 

To the sake of simplicity, as in the non-characteristic case, we left-translate the hypersurface 
in such a way that x will coincide with the identity G G. To this end, it suffices to replace S 
by x^^ • S. 

At the level of the Lie algebra g = TqG, we introduce the hyperplane e;;!^ through the origin 
G = g and orthogonal to e^ = Xq(0). In the sequel, the exponential image in G of e^ will 
be denoted by T(Xq(0)), i.e. I{Xa{Q)) = exp{e^)- We stress that e;^ is the "natural" domain 
of a graph along the direction e^- By the classical Implicit Function Theorem, for some (small 
enough) r > 0, we may write = x~^ • Sr{x) as the exponential image in G of the C*-graph 

^ = ea+i,-,e«) (6,-,ea-i,0,e«+i,...,en) ee^^M"-!} eg, 

a—th place 

where : e^ = M"""*^ — > M is a C*-function satisfying: 
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(bi) ^(0) = 0; 

(b2) dip/d^j{Q) = for every j = 1, ...,h (= dimH). 

Thus we get that Sr = exp^* n Bg{0,r), for every (small enough) r > 0. Now we apply the 
previous considerations to compute 

lim ar\{S,/n{x-'*S))i}. 

H — ^0+ 

By arguing exactly as in the non-characteristic case, we get that 

{Si/r{x-^ • S))i = exp (Si/R^) n B,{0, 1), 
where 6t are the Car not dilations induced on the Lie algebra g. Furthermore 

= ?'l/R{(6,-,^a-l,V'(0>Ca+l,-,Cn) IC e e^} 

Ui?'"'' i?o>-d(a-l)' Ri ' i?ord(a+l)'-' i^fc^ 1^ ^ 

By setting 

S •- {Ol/R)\^±'; — l^j^' ^ord(a-l) ' ' ^ord(Q;+l) ' "•' j^fe J ' 

where ( = (Ci, Ca-i, 0, Ca+i, -, Cn) e e^, we therefore get 

''l/il* = I (^Cl, Ca-1, ,Ca+l, CnJ |C e e^ j. 

Remind that G C*(C/o) where Uq is an open neighborhood of G e^ = M"~^. Moreover, it is 
immediate to see that 

^R(C)lei ^0 

as long as ii —s- 0+ . So we have to evaluate the limit 

^10, H^^^(^. (31) 



The first remark is that, if this limit equals +00, one immediately obtains 



lim " '"^l " = lim ar Hexp (<5i/fl*) n 5,(0, 1)} = 0, 

since n 5^(0, 1) ^ 0, for ^ 0+. 

Now we make use of a Taylor's expansion of if) up to the l-th - Euclidean - order {I < i) 
together with (61) and (62)- We thus get 

+ ...+ J2 f^t,^ (0)0, • - • Cj. + o(||?i^(C)|e^ IIr^-O 

+ ... + ^ i?O'-d(il)+-+ord00_^?^(0)C,-^ . ... . + o(i2°'-dO-i)+...+ordO-0)^ 
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where ji G {1, (q — 1), (q + 1), n}. Thus 



+ ... + ^ ^ordOO+...+°rdO,)-^ ^^'^^ (O)g^ . ... . ^^.^ + o(^ordOi)+...+ord(iO-*). 

By hypothesis 

7^(0) = whenever ord(ji) + ... + ord(ji) <i (l<l<i). (32) 

dCh-dCh 

This implies that the hmit (j3ip exists. Therefore 

^'oo = ^hm^ = { (Ci , . . . , Ca-l , V^(C) , Ca+l , • • • , Cn) I C G } , 

where "0 is the homogeneous polynomial function of degree I and - anisotropic - order i = ord(a) 
given by 



Jl J1,J2 



'rdOi)+...+ord(ji)=i 



ore 



The thesis easily follows. 

□ 



4 A technical lemma: Coarea Formula for the i/S'-gradient 

Let 5 C G be a hypersurface and ip : S — > M be a C"^-smooth function. As it is well-known, 
X G S is a regular point of (p when \grad(p\ ^ and a critical point otherwise. In other words, 
j; G S" is a regular point if and only if the differential dip\x : T^S — > T^(j.)R is surjective. 
Furthermore, s G M is a regular value of tp if and only if every point of '/'""'^[s] is a regular point 
of ip (and by convention s G M is a regular value if = 0) and is a critical value if it is not 

a regular value. 

Remark 4.1. Clearly, any {n — 2) -dimensional C"^ -smooth submanifold T, of S can be thought, 
at least locally, as the level-set of a -function defined on S. Furthermore, from a purely 
"geometric" point of view, the characteristic set of T, G S is the kernel of the projection onto 
HS of the unit normal vector r] along E, i.e. Cy, = {a: G T,\VHsr]{x) = 0}. 

Let p G 0^(5") and, for any regular value s £ M. of p, let us consider the level set of p, i.e. 
p~^[s]. It is clear that ip~^[s] is a [n — 2) -dimensional -smooth closed submanifold of S. Note 
that p~^[s] is geometrically H -regular if, and only if, {gradns^l everywhere along p^^[s]; 
see Definition \2.25[ As an application of Theorem 2.16 in 150, the characteristic set C^-i[s] of 

[s] is a 0-measure set w.r.t. the intrinsic Hausdorff measure, i.e. Ticc (C'<^-i[s]) = 0/ see 
also Remark \2.27\ Hence o'S~^(C<^-i[s]) = 0. It is clear that C<^-i[s] is a closed subset of p^^[s] 



- under the relative topology - and that 

C.p-^s] = {x e p~^[s]\\ grades p{x)\ = O}. 
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As it is well-known, the classical Sard's Theorem (see, for instance, [73] ) states that the set 
of critical values of f is a 0-measure set (w.r.t. the Lebesgue measure on M) and so, for £^-a.e. 
s € M, the set (/3~^[s] C 5 is a C^-smooth - closed - submanifold of S. For any fixed regular 
value s of we shall consider the open subset ((/9~^[s])* := <^~"^[s] \ C(p-i[<i] of (/9~-^[s]. At each 
point of ((/9~^[,s])* the horizontal unit normal vector is well-defined and it can be written - up to 
the choice of an orientation - as t^hs = [g^adggyl • 

Theorem 4.2. Let S C G be a -smooth hypersurface and let ip G 0^(5"). Then 

I \grad„sip{x)\a';r\x) = [ ar^j^-if.,] n (34) 
Js JR 



and 



i^{x)\gradHs'p{x)\arH^) = ds 4'{y)cyl'\y) (35) 

s Jm. Jip-i[s]ns 



for every ij) ^ L^{S,a^ 

Proof. We begin by assuming that S be non-characteristic. So let us fix any regular value s of 
If and consider the set (99^^ [s])* C S. At each point of ((/?~-'^[s])* we set r]Hs = [gradggyl • '^^^^ 
we may choose an oriented orthonormal basis T3, ...,Th of the orthogonal complement of t]hs in 
HS, i.e. r]^f^ ■= spanjgjrs, ...,rh}, where the notation is that used for an adapted orthonormal 
frame r = {ti, r2, r„} to S. More precisely, for such a frame, at each point of {ip~^[s])*, 

we have ri = ^'^,T2 = t/hs and ij^s^ = spanjgjra, Th}. Note that H = v^jS ® HS and that 
HS = r]Hs © Vhs""" ■ We set 

S* := U {^-'[s])*. 

SG{Rcgular Values oftp} 

Now let us consider the following differential forms on S: 

(1)2, CTg"2 = 03A... A0„|5, 

where 4>j is the 1-form dual of r/, i.e. (t>*j{Tj) = 5j for every I,J = 2, ...,n {5j denotes the 
Kronecker delta). It is clear that 02 = Vhs = \gmd^^p\ t^aX a^~^ = 02 A cr^"^. The 
natural volume form on M can be represented by the differential 1-form ds. Therefore, one gets 
(p*ds = dip = {dnsf + dv^)\s- Note that, at each point of S, dvip\s is a linear combination of 
the 1-forms (pals (« £ Iv). Thus ip*ds = {\ grades (p\(j)2 + dv(p)\s and it turns out that 

ip*ds AaH~'^\^-il^] = \gradHsp\a'^~^\s. 

The last one can be regarded as an "infinitesimal" Coarea Formula for any non-characteristic 
hypersurface. Now we consider the general case in which S can have a non-empty characteristic 
set Cs- The above arguments can be repeated verbatim, after replacing S with S \Cs- 

Here is worth to note that both members of this formula vanish in the following three cases: 
(i) X G Cs, i-e. X is a characteristic point of S; (ii) s gM is a critical value of ip; (iii) s gM is a 
regular value of ip but y £ ip^^[s] H C<^-i[s], i-c. y is a characteristic point of ip"^[s]. Therefore, 
in proving the theorem, we may first replace S by S \Cs and then consider the set (S \Cs)* ■ 
In fact, the following identities hold true: 

ij{x)\gradns(p{x)\aH~^{x) = / 4!{x)\gradHsip{x)\aH~^ {x) 
S •JS\Cs 

xp{x)\gradHs^p{x)\aH~^{x) 

{S\Cs)' 
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and 



dt I ^{y)ar'{y) = ds ^{y)ar\y). 



The classical Lemma on fiber intearatio'ivn. an equivalent of Fubini's Theorem for submersions, 
yields (jM]) and in the case where is continuous and compactly supported on 5. Finally, 
the general case follows by a standard approximation argument. □ 

Remark 4.4. We would like to point out that the previous result can also be deduced by using 
the Riemannian Coarea Formula as we shall see below. Indeed, let S C G be a C'^ -smooth 
hypersurface and ip : S — > M &e a piecewise -smooth function. Then 

(^{x)\gradrsV{x)\ar\oc) = [ ds [ Hy)<^B~\y) (36) 

s JR J<f~'L[s]ns 

for every il) G L-'^(S', cr^^^). This is the Riemannian Coarea Formula; see 111^ . |I3 [iTf , \3^ . 
Now, by choosing 

Igradnsfl , 

(j) = tp- AVhI'I 

Igradrsfl 

for some ■0 G L^{S,a^~^), we get that 

[ cPlgrad^s^Wr' = [ 0^^^^^ I^Hi^kr' = / \ grades ^Wr' ■ 
Js Js \gradTs<f\ ^ . ' Js 

Along ip~'^[s] one has rj = yZd^sv l '^^^ ^^^^ implies \Vhsv\ = llZdfs^l ■ Therefore 



<^-i[s]n5 JR J<f-^[s\r)S igradTs^l 

i^\VHSV\\'PHl'WR~'^ 

</3-i[s]n5 



n-2 



</3-i[s]n5 

5 Poincare inequalities on compact hypersurfaces 

Let 5 C G be a C ^-smooth compact hypersurface with - or without - boundary. As in the 
Riemannian setting (see [19j ) one may give the following: 

Definition 5.1. The isoperimetric constant Isop{S) of S is defined as follows: 
• if dS = 9 we set 

Isop(S) := mf . , „„i,^ , 



where the infimum is taken over all smooth {n — 2) -dimensional submanifolds N of S which 
divide S into two hyperurfaces 81,82 with common boundary N = d8i = 882; 



^"The lemma on fiber integration can be stated as follows: 

Lemma 4.3. Let f : M"^™' — !• A'^" be a submersion ofC^-smooth manifolds, a an m-form on M and f3 an 
n-form on N. Then for every g G Co(M), one has 
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• if dS / we set 

Isop(5) :=mf , 

where N Ci dS = and Si is the unique {n — 2) -dimensional submanifold of S such that 
N = dSi. 

Remark 5.2. It is important to say that, in general, the isoperimetric constant Isop(S') might 
vanish. Examples of this fact can be constructed, for instance, in the case of the 1st Heisenberg 
group H"*^ on M^; see Example \5.4\ below. Nevertheless, if we make some further assumptions on 
the underlying geometry, this phenomenon cannot occur. More precisely, let us assume that: 

(H) For every smooth (n — 2) -dimensional submanifold N C S, one has 

dim Cat < n — 2. 

Remark 5.3. Let S C G be C'^ -smooth and non- characteristic. Moreover let us assume that 
the horizontal tangent bundle HS be generic and horizontal. For example, this is the case of 
any C"^ -smooth non- characteristic hypersurface in the Heisenberg group for n > 1. In other 
words, we are assuming that (S, HS) is a CC-space; see Section \2.1\ and Remark \2.23i Then 
we claim that (H) is automatically satisfied. Indeed, let U C S be any relatively compact open 
set with -smooth boundary. Note that dU can be regarded as a smooth hypersurface in S, 
oriented by its unit normal rj. Then, as an application of Frobenius' Theorem, one infers that 
Cqu cannot have a non-empty interior and this immediately implies that (H) holds tru^^. 

Example 5.4. Let S be a compact surface S* C without boundary. Moreover, let us assume 
that there exists a regular, simple, closed, horizontal curve 7 : [0, 1] — > such that Im7 C 5. 
Then, it follows immediately that Isop(5') = 0. 

As a consequence of the Coarea Formula ()34p we may generalize to our Carnot setting some 
classical results about isoperimetric constants and global Poincare inequalities which can be 
found in the books [ISl US HI] ; see also [E], [87]. 

Theorem 5.5. Let S C G be a C^-smooth compact hypersurface. 

(a) // dS = 0, then 

Isop(5) = inf 



Jg IgradHs^P Wn ^ 

Is 



n-1 ' 

n-1 



where the infimum is taken over all C^-smooth functions on S such that fgipc^H = 0. 
(b) // dS / 0, then 

Isop(5 = mf 1 , 

/glV'kS 

where the infimum is taken over all -smooth functions on S such that ip\ds = 0- 

Proof. The proof repeats almost verbatim the arguments of Theorem 1 in [87]. We just prove 
the theorem for dS = since the other case is analogous. First, let us prove the inequality 



Isop 5) < mf 



^^More generally, let {N" , H) be an n-dimensional CC-space and let M"~^ C be a C^-smooth immersed 
hypersurface. Moreover, let us define the characteristic set Cm of M exactly as in the case of Carnot groups, i.e. 
Cm := {x £ M : \'PHi'n {x)\ = 0}. Then, as an application of Frobenius' Theorem, one infers that Cm cannot 
have a non-empty interior. 
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where ip G C^{S) and /^V^fiS"^ = 0. To prove this inequahty let us consider the auxihary 
functions = max{0,ip}, ip~ = max{0, —V'}- By applying the Coarea Formula (j34p . the very 
definition of Isop(S') and Cavalieri's principle^^ one gets 



/• r+co I- 

/ IgradHs^P^Wn'^ = / c^h'^Ix e S : ip^ = t} dt > Isop(5) / 1^^!^^ 
Js Jo Js 



Now we shall prove the reversed inequality. So let us assume that a^'^iSi) < a^~^{S2) and let 
e > 0. We now define the function 



r if e{x,N)<e 

1 if q{x,N) > e. 



.a£(£^ if g(x,N) < € 

(37) 

—a if g{x, N) > e 



where the constant a depends on e and is chosen in such a way that ipeC^H = 0. Obviously 



lim a = ^ . 

Since 



/ IgradHsA^H ^ = ^— ^ / Igradns q{x, N)\aH ^ 

Js e Jn^:={x£S:q{x,N)<€} 

[ cj3-2{x G N, : q{x, N) = t} dt, 
Jo 



_ 1 + a 
e 

one gets 



hm / {grades AWh~^ = (1 + a)^7r'(A^). 



5 



Moreover lime^o IV^el^H = (Si) + (5'2)- Putting all together we finally get that 

□ 



hm^ , , , < Isop(5). 



Corollary 5.7. Lei Ai 6e i/ie first non-zero eigenvalue of either the closed eigenvalue problem 



> 



(Isop(5))" 



or the Dirichlet eigenvalue problem; see Definition \2.41\ Then Ai 
Proof. From Theorem 15.51 by Cauchy- Schwartz Inequality, one gets 

2 



i-e- IIV'll^2(s.^n-i) ^ (isop(5))^ llg™^Hg^ll^2(g.^n-i^- By using (vi) of Proposition [2321 with V' = 
and the hypotheses one gets 



5 Js 



Js 



□ 



^^The following lemma, also known as Cavalieri's principle, is an easy consequence of Fubini's Theorem: 
Lemma 5.6. Let X be an abstract space, fi a measure onX,a>0, ip>0 and At = {x £ X : (f > t} . Then 

r + QC r 

/ t"~ fi{At) dt — — / ip°' dfi. 
Jo " JAo 
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Now let us generalize to our Carnot setting another isoperimetric constant, which is well- 
known for compact Riemannian manifolds; see, for instance, |87j . 



Definition 5.8. The isoperimetric constant IsoPq(«S') of a -smooth compact hypersurface 
with boundary - S C G is given by 



Isopq(S') := inf 



a'^-^idSindS; 



2 



where the infimum is taken over all decompositions S = Si U S2 such that a]!j^^{Si D S2) = 0. 
Theorem 5.9. Let S dG be a -smooth compact hypersurface with boundary. Then one has 

Isopo(5) = mf <^ —r — ^T^T^T \, 

where the inf is taken over all -functions defined on S. 

Proof. The proof is analogous to that of Theorem 6 in First, let us prove the inequality 

Isop(S') < inf 



jg\gradHsip\(yH ^ 
Js 



To this purpuse let us define the functions ip'^ := max{0, if: — k}, ip := — min{0, ip — k}, where 
A; G R is any constant such that: 

err e S : > 0} < 

Again, by applying Coarea Formula (|34|) . the very definition of Isopq(S') and Cavalieri's principle 
one infers that 

/• r+00 r 

/ IWns^^kr^ = / (^H^Hx € S -.i^^ = t}dt> Isop(5) / l^^lfjg-^ 
Js Jo Js 

Now we prove the other inequality. Assuming (t2^^(S'i) < (t2^^(52) and e > 0, we define the 
function 

f 1 - if g{x, dSi n 882)) < e 

Mx)\s^ ■■= 1 A(.x)\s, ■■= I (38) 

[ if Q{x,dSindS2)) > e. 

We also stress that one can find a constant k{e) satisfying 

- k{e)\ar' = inf [ - PW^' 
S P&^Js 

and such that /c(e) — > for e ^ 0+. But then 

^.^ fglgradnsAK-' \ ^ a^'^idSi n OSa) 



□ 
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Corollary 5.10. Let S C G be a -smooth compact hypersurface. Then 

IV' - k\^<^r' < / \grad,si^\'ar' (39) 



(Isopo(5))2 

for every Tp G C^{S) and every A; E M such that 



Furthermore, i/V' £ C^(5) and J^ipaH ""^ = 0, then 



Proof. One obviously has Jg{il^~^ ■ iI'~)o'h^^ = 0, where the functions ■0^ are defined as in the 
proof of the previous Theorem 15. 9[ Moreover, by using once more the Coarea Formula, we get 



Js Js 



Js Js 



s 

n-l 



lsopo(5) Js 



2 

Isopo(S') 

This proves inequality ([39]) . To prove (00]) we note that the hypothesis JgipaH~^ = actually 
implies that 

'0^2-' = inf / (V'-fc)Vr^ 
This, together with (I39p . implies the claim. 

□ 



6 Some Linear Isoperimetric inequalities 

To the sake of simplicity, let us begin by considering the non- characteristic case. So let 5 C G 
be a C^-smooth hypersurface, with or without boundary, and let Z^/ C S" be a non-characteristic 
relatively compact open set with boundary dU, smooth enough for the validity of the Riemannian 
Divergence Theorem. First of all, we shall apply Corollary 12.391 which claims that 

[ {{h- 1) + gnTiH + {CHiy^,XHs)}a'i'^ = [ (xh , Tyns) ag"^. (41) 
Ju JdU 

Hence 

{h-l)cjr\U)< [ {\g^\\nH\ + \{CHiy^,XHs)\}ar'+ [ \{xh,Vhs)K'^ (42) 

Ju JdU 
where we remind that gn = {xh ^f^) is the horizontal support function for U. 



35 



Remark 6.1. Let g : G x G — > M-|- be any homogeneous distance. In this section we shall 
assume that the following conditions hold true: 

(i) Q is - at least - piecewise -smooth; 

(ii) \gradfjg\ < 1 at each regular point of g; 

Henceforth, we shall set g{x) := g{x,0) = \\x\\g. 

Example 6.2. It can be proved that the CC-distance dec satisfies all the previous assumptions; 
see jjj. Another example can be found for the case of the Heisenberg group H"; see Section \2.1[ 
Indeed, the Korany norm, defined by 



\\x\\^ := g{x) = ^\xh\'^ + 16t2 (x = exp {xh , t) G M") 

is homogeneous and C°° -smooth out of the identity G H". Moreover, it turns out that g 
satisfies (ii) and (Hi). The last example can easily be generalized for those 2-step Carnot groups 
which satisfy the following assumption on the structural constants: 

Actually, in such a case one can show that the homogeneous norm \\ ■ defined by 



j;h 1^ + 16|xi/2 p {x = exp {xh , XH2)), 

satisfies all the above requirements. We left to the reader the proof of these claims which are 
based on elementary computations. 

Let now R denote the radius of the ^j-ball Bg{0,R), centered at the identity of G and 
circumscribed about U, and let us estimate the right-hand side of ()42p . To this aim we stress 
that gn < \xh \ < \\x\\g. We have 

{h-l)ar\U)<R[l {\nH\ + \CHV„\)aT^ + aT\dU)}. (43) 

Obviously, if lA is minimal, i.e. Tin = 0, then it follows that 

{h-l)aT\U)<R[! \C„v„\aT' + aTHdU)]. (44) 

J lA 

Furthermore, iiTiPn '■= maxj'H/f (x)|x G U}, one gets 

ar'{m{ih-l)-Rn%}<R{ [ \CHj^^\ar'+arHdU)]. (45) 

Equivalently, one obtains 

^ > {h-l)<yr\U) 

- H%arHU) + {!^\CHV^\ar' + <yr\dU)y ^ ^ 

Clearly, by assuming Rl-L% < ii — 1, we also get that 

(L - 1) - Rn% • ^^^^ 
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We would like to remark that all the previous formulae have been proved for the case of 
relatively compact non-characteristic hypersurfaces with boundary. 

Now we turn our attention to the more general case of hypersurfaces having a possibly non- 
empty characteristic set. As in Remark 12.401 let (e > 0) be a family of open subsets of ^ with 
piecewise C^-smooth boundary such that: 

(i) Cu C for every e > 0; 

(ii) ar'(^^e)^Ofore^O+; 

(iii) /^^ ipHi^laR-^ — > for e ^ 0+. 

Thus, in particular, aH^^{Ue) — > and a^^^idUe) — > for e ^ 0+. Next, by applying 
Corollary [2391 ioU\U^ we get 



{x„ ,riHs) al-\ (48) 



/ {{h-l) + gHHH + {CHyH,XHs)](j1 ^= / {x„ ,r]„s) a'^^'^ + / 

Therefore, by letting e ^ 0"*", one infers that (j4ip also holds true even for the case of a non- 
empty characteristic set. Thus, it is clear that (|13]) . (jMl), (flSj) . ([^Gj) . ([TF]) also hold for the 
characteristic case. Finally, we may consider the case of a smooth compact hypersurface S 
without boundary. Note that, in this case, one cannot expect that Cs = 0- Since the boundary 
term in (j43p vanishes, we still get that 

ih-l)a^-\U) <R [ {\nH\ + \C„u„\)a'^-\ (49) 
Ju 

6.1 A weak monotonicity formula 

As before, we shall set Ut = U D Bg{x,t). The "natural" monotonicity formula which can be 
deduced from the linear inequality ()43p is contained in the next: 

Proposition 6.3. The following inequality holds 

n-l 



d_a^_m^_^y^ (^\n,\ + \C,i.,\)ar' + c7r\dUnB,ix,t))^ (50) 



for C^-a.e. t > 0. 



Proof. Since we are assuming that the homogeneous distance g is smooth (at least piecewise 
C^), by applying the classical Sard's Theorem we get that Ut is a C^-smooth manifold with 
boundary for £^-a.e. t > 0. Equivalently, note that the previous claim follows by intersecting U 
with the boundary of a £»-ball Bg{x,t) centered at x and of radius t. Indeed, by the regularity 
assumption on g, it follows that dBg{x,t) is - at least - piecewise C^-smooth. Therefore, after 
noting that (j4ip is invariant under left translations of the group, we may use them for the set 
So we have 

(h - l)aT\Ut) <t[j^ {\nH\ + \CHV„\)aT^ + aT\dUt)], 

where t is the radius of a £)-ball centered at x and intersecting U. Since 

dUt = {dU n 5p(x, t)] U {dBg{x, t) n U] 



'Remind that (|4ip can also be used if Ut has a non-empty characteristic set, as we have proved in Section[6l 
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we get 

{h-l)ar'm<t\ [ {\nH\ + \CHU^\)ar'+<Tr\dUnB,ix,t))+ar\dB,{x,t)nU)}. 

■.=A{t) 

(51) 

Now let us consider the function tp{y) := \\y — x\\g(y G U). By hypothesis -0 is a C-'^-smooth 
function -at least piecewise- satisfying \gradH'ilj\ < 1; see Remark 16.11 So we may apply the 
Coarea Formula to this function; see Section [H Since \gradHgij)\ < {gradjjtpl, we easily get that 



JUu \Ut 

'^H~'^{^'\s\ nu}ds 



ftl 

J a'^-^{dBg{x,s)nU)ds. 



From the last inequality we infer that 



for every t > for £^-a.e. t > 0. Hence, from this inequality and (jSip . we obtain 

{h-i)ar'm < t{A{t)+Bit) + ^^ar'm}, 

which is an equivalent form of (j50p . □ 

We have to notice however that, in order to prove an intrinsic isoperimetric inequality, the 
number Ji — 1 in the previous differential inequality is not the correct one, which is Q — 1. This 
fact motivates the results of Section [Tj see, in particular. Section Ell 

6.2 Some weak inequalities on hypersurfaces 

With an elementary technique analogous to that used at Section [6l we now state some local 
Poincare-type inequalities for smooth functions compactly supported on bounded domains (i.e. 
open and connected) with "small size" . 

Definition 6.4. Let S C G be a C'^-smooth hypersurface and letlA S he open. We say that 
lA is uniformly non-characteristic if 

. , \'Pvy{x)\ 

sup \W[X)\ = sup — — < +00. 

x&A x&A\PhV{x)\ 

We stress that 

\Chv„\ = I ^ LO^C'iu„\ < KII|C2||g. < C\w\, (52) 

a&Iv a£lv 

where C is a constant depending on the structural constants of q. Moreover, let us set 

1 
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Theorem 6.5. LetU C S be a C'^-smooth uniformly non- characteristic open set with bounded 
horizontal mean curvature Tin ■ Then, for all x £ U and all R < min{distg(x, i?^^}, the 
following holds 

iV'r^r')' <CpR( [ \grad,si^\Par')' [l,+oo[ (53) 

for every ip € CQiUn)- More generally, let U d U be a bounded open subset ofU with smooth 
boundary such that diamg(Z^) < 2mi-n.{d\si^{x,dU),Ru}- Then 

( / l^l^r')^ <Cpdiam,(Z?)( f\gradRsi^\Par'f [l,+oo[ (54) 

for every £ CliU). 

In the above theorem one can take Cp = 2h-3 ■ 

Proof. Let us set t/'g := y^e^~+~0^, (e > 0). By applying Corollary 12.381 with X = ip^xu we get 

/ {'4)e{{h-l) + gnHH + {ChVh^Xhs)) + {gradHs'4^e,XH)]a'}r^ = / ipeixn ,riHs)aH~'^ , 
Ju Jour 

and so 



(h-l) [ ^,ar' < R( [ {A{\nH\ + \CRU„\)+\gradRsA\}cTH-'+ [ A<^h-^) 
Jur ^JUr Jbur ^ 

< R{{\\nH\\^ + C\\w\\^) i;e<'^+( I \ grades AK'^ + I Ac^^ 
I Jur ^Jur JdUR 



By using Fatou's Lemma and the estimate R < Ru we get that 



{h-l)f IV^Iar' < (h-l)liminf/ ^a^^ 

JUr e-^0+ Jur 



< I lim / Aa"^ ^ + Rhm ( [ {grades AWh ^+ / 



Obviously ipe — ^ IV'I and \grad„s'Pe\ — > I^'^'^^^hs V"! as long as e — > 0; moreover = 
along SUr. Now since, as it is well-known, | ^rad/^s 1-01 1 < \gradHs4'\, we easily get the claim 
by Lebesgue's Dominate Convergence Theorem. So we have shown that 

IV'kr' < 1^ [ IgradRs^PWr' 



Ur 2h-3 JUr 



for every -0 S ^o{^r)- Finally, the general case follows by Holder's inequality. More precisely, 
let us use the last inequality with \7p\ replaced by IV^I^. This implies 



Ur' ' - {2h-3)JuR 



{2h - 3) 

where ^ + | = 1. This achieves the proof of ([53]) . Clearly, ([Mj) can be proved by repeating the 
same arguments as above, just by replacing R with diam(W). 

□ 





-1 
















lu, 
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With some extra hypotheses one can show that (j53p still holds on the characteristic set. 

Theorem 6.6. Let S C G be a C"^ -smooth hypersurface with bounded horizontal mean curvature 
Tin . Then, for every x £ S there exists Rq < distg(x, dS) such that 

WaT'f <CpR(j \grad„sM'''yT'f pG[l,+oo[ (55) 

Sr J Sr 

for every ip S Cq{Sr) and every R < Rq. More precisely, let denotes the family of open 
neighborhoods of Cs introduced in Remark \2.40\ Then, for every e > there exists Rq = Ro{e) 
such that ()55p holds for every ijj G Cq{Sr) and every R < Rq, where 

r 1 > 

i?o(e) := min < distp(x, dS) 



2[C(l + \\vj\\l^^Sr\u,)) + WHh I 



L°°{Sr)\ 



Proof. Let us set ips '■= \/ e"^ + Tp"^ (0 < e < 1). We shall first prove the theorem for p = 1. The 
general case will follow by Holder's inequality. As in Remark 12.401 l^t (e > 0) be a family of 
open subsets of S with piecewise C^-smooth boundary, such that: 

(i) Cs C Ue for every e > 0; 

(ii) aR-^{U,) — > for e ^ 0+; 

(iii) /^^ \VHu\aT'^ ^ for e ^ 0+. 
Fix eo > 0. For every e < eo one ha0 



Furthermore (ii) implies that for every (5 > there exists > such that cj^ ilA^) < 6 whenever 
€ < €s. By putting 6 < ^ i we therefore get that 



Ju, Jsr 



for every e < min{ej, eo}, where C only depends on the structural constants of g. Moreover, for 
any given e e]0,min{e^, eo}[, we have 

/ i^elCHl^HWn^^ <C\\zu\\l^(^Sr\U,) AcTr'^- 

JSr\w JSr 
From what above, it follows that 

J Sr J Sr 

Since, by hypothesis, the horizontal mean curvature is bounded along S we have 



J Sp! J Sfi 



'Sr Sr 

n — 1 ^ 



Indeed l|52p implies that \ChUjj\ < C maxaeiy \zua\. Moreover Jg |ci7c|cr2 ^ ~ Jr \'^a\o']^, ^ < o-r ^(B) for 
every Borel set B (- S. 
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By applying Corollary 12.381 with X = ipgXH one gets 

(h-l) [ ^.ar^ < R([ {M\'^"\ + \Cni^H\) + \9radRsi^e\}cTr'+ [ ^e<-'' 
J Sr -J Sr J SSr 

< R[C{1 + \\zu\\l^(^Sr\U,)) + \\'^h\\l<=^(Sr)] / V'eO-S 

JSr 

+ r( IgradnsAWn'^ + / A^Tr' 

^ JSr JdSR 



and if 



one gets 



R < min < distg(x, dS), — r — -. — r --, 

[ ^^{1 + iMlip-iSRXW)) + \\T-(-h\\l--(Sr)\ 

Acrr' < TT^f / \gradRsAWr' + [ 
■ Zh - 6\ Jsji JdSR ' 



ance 



^ OR - ^ OH ^ UdR 

Clearly — > |^| and l^rad^sV'el — ^ Iff'^of^HsV'l long as e — > and = along (95r. S 
l^raffj/s IV'I I < \gradRs'4^\^ the thesis follows by making use of Fatou's Lemma and of Lebesgue's 
Dominate Convergence Theorem. □ 

7 Isoperimetric Inequality on hypersurfaces 

Let 5 C G be a C^-smooth hypersurface with boundary dS. As usual, w = j^^-^- Moreover, 
we shall consider the following objects: 

zuHi :=T'HiW= ^ ^ WctXa i = 2,...,/c. 

We shall also denote by rj the unit normal vector rj along 95" EE. 

Definition 7.1. In the sequel, we shall set 

en y ■= ^vs'n ■ 
^ ' ^ ■ \VHs-n\' 

{\\) XH^s ■.= Vh,sx {i = 2,...,k); 
see Remark \2.23\ for the very definitions of VS and HiS (i = 2, k). 

Definition 7.2. Let us fix a point x £ G and let us consider the Carnot homothety centered at 
X, i.e. {^^{t^y) := x»5t{x~^»y). The variational vector field related to ^f{y) := •d^{t,y) at t = I 
is given by 



Z. 



't 



^ ' dt t=i 

With no loss of generality, by using group translations, we may put x = G G. In this case 

i9?(y) = exp{tyH,t^yH^,t^yH^,...,t'yH^,...,t''yH^) {t G R) 

where = X^,-g/ Uji^ji ^xp denotes the Carnot exponential mapping; see Section [2711 
Thus it turns out that 

Zo = yH + 2yH2 + ... + kyn^ . 



'We stress that, at each point x G dS, rj{x) £ T^S 
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Remark 7.3. As in SectionlB^ let g : G x G — > M+ be a homogeneous distance such that: 

(i) Q is - at least - piecewise -smooth; 

(ii) \gradHg\ < 1 at each regular point of g; 

(iii) 44 < 1. 

Furthermore, we shall assume that Ci £ M+ (i = 2, ...,k) are positive constants satisfying: 

\xHi\ < Cig^{x) {i = 2,...,k), (56) 



where we have set g{x) = g{0,x) = \\x\ 



Definition 7.4. Let G be a k-step Carnot group and S C G be a C'^ -smooth hypersurface with 
- at least - piecewise C^-smooth boundary dS. Let us set Sr := SnBg{x,R), where Bg{x,R) is 
the open g-ball centered at x £ S and of radius R > 0. We shall set 

JdSnBe{x,R) ex^\ \yHsr]\' 
BUR) ■■= I (l + y^iQ£>r'lXH.s|)ar', 

JdSnBe{x,R) ^ ~2 

where fo(y) := g{x,y) {y £ S) denotes the g-distance from the "fixed" point x G S. Furthermore, 
we shall define the following integrals: 

k 

AooiS) := jjnH\(^l + J2ic,g's-'\wH,\^ar\ 



as 0x\\ {VhstjI 

k 



n-2 
<7h , 



where we have set 



diamg(S) 
Qs ■= 7, ■ 



One immediately sees that BiR) < BooiR) for every i? > and that BiS) < BooiS); see, for 
more details, Section mi 

We are now in a position to state the claimed isoperimetric inequality. 

Theorem 7.5. Let G be a k-step Carnot group and S C G be a C'^-smooth compact hypersurface 
with -smooth boundary dS. boundary. Then 

cyT\S) < Ci{AooiS)+BooiS)]^\ (57) 
where Cj is a constant independent of S. 
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The previous theorem generahzes to Carnot groups a well-known result, proven by Michael 
and Simon [63] and, independently, by Allard [1]. The proof of this result will follow, as much as 
possible, the classical pattern which can be found, for instance, in the nice book by Burago and 
Zalgaller [11]. However, there are many non-trivial differences in doing this and many Euclidean 
- and/or Riemannian - tools have been adapted to our sub-Riemannian setting. 

Remark 7.6. Let S C G be a -smooth hypersurface with -smooth boundary dS. Moreover, 
let us assume that dimCgs < n — 2. This implies that CTn^'^iCds) = 0- So let C dS be an 
open neighborhood - in the relative topology of dS - of Cqs such that cj2~^(Ve) — > for e 0^. 
Since 

k 
i=2 

it follows that 

[ \XH.sK-'<arHdS) 
for all (small enough) e > (i = 2, k). Furthermore, one has 

/ \XH.s Idg-^ < I|xIIl-(95\v.) (^H~^idS) 

JdS\Ve 

for all e < es {i = 2, k). Hence, there exists a constant C > such that 
BUS)= I (l + 5]ic,£>j7i|xH.s|)ar'<CVr'(5S). 

-''^^ i=2 

By applying Remark 17.61 we immediately obtain the following: 

Corollary 7.7. Let G be a k-step Carnot group and S C G be a C'^ -smooth compact hypersurface 
with -smooth boundary dS. Moreover, let us assume that dimC^s' < n — 2. Then there exists 
Cj>0 such that 

<jT\S) < C'j{Aoo{S) + ar\dS)}^^. (58) 



7.1 A strong linear inequality and its related monotonicity formula 

In this section we shall prove another "linear" isoperimetric inequality somewhat stronger than 
those previously obtained in Section [6l 

Some similar results have been independently obtained in a interesting preprint by Danielli, 
Garofalo and Nhieu [29], where a monotonicity estimate for the i?-perimeter has been proven 
for graphical strips in the Heisenberg group H^. 

Let 5" C G be a C^-smooth hypersurface with boundary dS smooth enough for the validity 
of the Riemannian Divergence Theorem. 

We shall apply the 1st variation formula of cr^"^) Theorem l2.45l (see also Corollary [238]) , 
with a "special" choice of the variational vector field. More precisely, let us fix a point x E G 
and let us consider the Carnot homothety centered at x, i.e. '&^{t,y) := x»6t{x~^ ty). Without 
loss of generality, by using group translations, we may choose x = £ G. So 

i9°(t,y) := exp{tyH,t^yH^,t%H,,...,fyH,,...,t''yH^) {t G M) 
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where t/h, = Yli ei„ Vjt^ji ^^^^ exp denotes the Carnot exponential mapping; see Section flA\ 
Thus the variational vector field related to := i}^{t,y) = 5ty, at t = 1, is just 

dt t=i dt t=i 



Zn 



yH +2yH2 + ... + kyHi,. 



As it is well known, by invariance of o"^ ^ under Carnot dilations, one has 

d_ 

Itt' 



t=l 



{Q-l)ar\S) 



Furthermore, by using the 1st variation formula (I16p (see also Corollary 12. 48|) . one gets 



{Q-l)ar'{S) 



Note that 



Analogously, we have 



V 



as ^ \Vhsv\ 



\Vhi^h\-\'PhsvWb~^ ■ (59) 



n-2 



(Zo, {Ufj + zn)) = {yH,Ujj) + ^{VH, , WH, 



1=2 



VhsT]] 



{Zo, {r]Hs + x)) = {Vh ,Vhs) + ^{yH, , XH^s ) . 



i=2 



By Cauchy-Schwartz inequality we immediately get the following estimates: 



Zn 



Zn 



\Vhu„\ 



Wmm 



<\yH\ + Ei=2^ 

< + Y!i=2^\yH^\\xn^s\■ 



Here above | • | denotes the norm associated with the fixed Riemannian metric g on G 
According with Remark 17.31 let Cj G M+ (z = 1, A;) be positive constants satisfying: 

lyffj < CiQ'iy) {i = l,...,k). 
The above argument implies that: 



Zn 



Zn 



\rHyH\ 



I'PhsvI 



<Q 



+ E 



i=2 



< 0{^ + T.^=2^^\XB^S 



(60) 



Proposition 7.8. Lei S (Z G be a smooth compact hypersurface with piecewise -smooth 
boundary dS. Moreover, let R denote the radius of a g-ball centered at x £ G and circumscribed 
about S. Then 



<Tr\s) < 



J-1 



.71-1 



1 

dS Qx 



\VHsr]\ 



n~2 



(61) 



and 



{k fc "^ 

JS -^^^ 1=2 J 

(62) 



where we have set Qx{y) = Q{x,y). 



44 



Proof. Immediate by the previous discussion and by the invariance of ^ under left-translations. 

□ 

In order to prove the claimed monotonicity inequality, we have to make some preliminary 
comments. Indeed, as will be clear in the sequel, the monotonicity inequality (see Proposition 
I7.13|) could be proved, following a classical pattern, for instance by assuming that: 

• there exists a smooth homogeneous norm q : G x G — > R+ such that: 

— \{Zx,9radTsgx)\<'i- (63) 
8x 

for every x,y £ S. 

We stress that the above hypothesis, in a sense, would be "natural" in the Riemannian 
setting. In this regard, we would like to quote the paper by Chung, Grigor'jan and Yau [22], 
where a similar hypothesis is one of the starting points of a general theory about isoperimetric 
inequalities on weighted Riemannian manifolds and graphs. 



Remark 7.9. Note that (I63|) turns out to be trivially true in the Euclidean setting. Indeed, in 
such a case, it turns out that Zx{y) = y — x and gradg^iy) = ||zf| • Therefore, 

1 , ,ry / \ J / y ~ X \^ 



/ y — X \ 
\{Zx{y), grades Qx{y))\ = 1- \ | ^ 1' 



Qx{y) \\y-x\ 

where iie denotes the Euclidean unit normal along S. 



Example 7.10. Let us briefly discuss (j63p for the case of the Heisenberg group H" endowed 
with the Korany norm; see Section \2.1\ and Example \ 6.^ In this case it turns out, after an 
explicit computation, that 

rlxH -4tx^ +8tT 
gradgo = 3 , (64) 



and this implies that 



— {Zo, gradgo) = 1- 
£•0 



Note however that, from the last identity, we cannot conclude that (j63p holds true independently 
of the hypersurface S. In a sense (|63|) is a kind of "convexity condition" about the hypersurface 
S, w.r.t. the homogeneous metric g. For instance, it is very simple to show that ([63]) holds true 
in the following elementary cases: 

• S C H" is any vertical hyperplane; 

• S = {exp{xH,t) £ IT- ■.t = const.}. 



We have to stress that the identity ()64p in the previous example, it is not a mere coincidence, 
and it turns out to be true for every (smooth enough) homogeneous distance on a Carnot group. 
Actually, we can prove the following: 

Lemma 7.11. Let G be a k-step Carnot group and let g : G x G — > M+ be any -smooth 
homogeneous norm. Then 

— {Zx,gradQx) = 1 
gx 

for every x G G. 
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Proof. By homogeneity and left-invariance of g. More precisely, let us begin by noting that 
tg{z) = g{5tz) for all t > and for every z £ G. Setting z := • y, we get that 

tQix, y) = tg{z) = g{6tz) = g{x, x • 5tz) 

for every x,y £ G and for all t > 0. Hence 

Qix,y) = ^g{x,x» 5tx~^ *y)\t=i = {9radg^{y),Z^{y)), 
and this implies the claim. □ 



Nevertheless, the assumption (j63p could be too strong in some cases. To circumvent this 
inconvenience, by arguing locally, we can prove the following 

Lemma 7.12. Let S C G be a C"^ -smooth hypersurface and let x £ S \ Cs- Then there exists 
R{x) > such that 

[ —\{Z„ grades Q.)\ar' <c7rHSR) (65) 



for every R < R{x). 



Proof. We may argue exactly as in Section [3l Case (a), for the case of non-characteristic points, 
by "blowing-up" the hypersurface S around x £ S \ Cs- By setting 

4>{y) ■= -A—:\{Zx{y), gradrs 0x{y))\ 
Qx[y) 

and using the homogeneity of cr^^^ under Carnot homothety we get that 

Now we remind that, at each non-characteristic point x £ S \ Cs, one has 

r,^^s^i{u„{x)) 

if — > 0"'"; see Section [3l Case (a). This implies that 

• {Z^,i^) — > {Vh{Z^),Ujj{x)) 

• {gradg^^y) — > {VH{gradgx),i^^{x)) 

at each point of "f^^/^'S H Bg{x, 1) for R 0^. Therefore, it follows that j-{Zx,iy) < 1 at each 
point of 1^1/ i^S n Bg{x, 1) for i? — > 0^. Furthermore, by applying Remark 17.31 it follows that 
{gradgx, z/) < 1 at each point of "dii^S n Bg{x, 1) for R ^ 0^ . Since, by Lemma [7.111 one has 
{Zx, grad gx) = 1 everywhere, it follows that there exists R{x) > such that (p o -i?^ < 1 along 
'di/j^S n Bg{x, 1) for every R < R{x). Hence 

for every R < R{x). □ 
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At this point, by means of ([6T]) and of the previous Lemma [7.121 we are able to state and 
prove the claimed monotonicity formula for the i?-perimeter cr^^"^. 
Henceforth, we shall set set St := S H Bg{x,t) {t > 0). 

Proposition 7.13 (Monotonicity of fT^""*^). Let S C G be a C'^-smooth hyper surf ace. Then for 
every x G Int5 \ Cs there exists R{x) > such that the following differential inequality holds 



(66) 



for C^-a.e. t G]0,ii(a;)[. 

Proof. We begin by arguing exactly as in the first part of the proof of Proposition 16.31 More 
precisely, by applying the classical Sard's Theorem we get that St is a C^-smooth manifold with 
boundary for £^-a.e. t > 0. By using (j6ip we obtain 



{Q-l)ar'{St)<t 



iCiQ^ ^\tuh, I ^ + / — 



1 

dSt 



V 



a 



n-2 



for £^-a.e. t > 0, where t is the radius of a £)-ball centered at x G Int^ \ Cs- Since 

dSt = {dS n B^{x, t)} U {dB^{x, t) n S] 

we get that 



{Q-l)ar'{St) < t 



1 

dSnBe{x,t) 9x 



n-2 



+ 



1 

dBe{x,t)nS Qx 



■■=Aoo(t) 



Zcr. 



--Bit) 



n-2 



:=B(t) 

Notice that the term B{t) can be estimated as in the case of the boundary term of the inequality 
see Proposition 17.81 In particular, one has B{t) < Boo{t). Now let us estimate the third 
integral B{t) by using Coarea Formula and Lemma |7.12[ We have 



a^'^-^St+h) - crrHSt) > [ —\{Zx, grades 

Jst+h\st ex 

Jt JdBg(x,s)ns Qx \ \PHsr]\/ 

for all (small enough) /i > 0. From the last inequality we infer that 

dt JdBg(x,s)ns Qx \ \yHsr]\/ 

for £^-a.e. t£]0,R{x)[. Hence 

(Q - l)arHSt) < t(^Aoo{t) + Bo.it) + ^^ar\St)) 
that is equivalent to the thesis. 

□ 
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Both Lemma 17.121 and Proposition 17.131 could be generalized also to the case where x G Cs, 
i.e. X is a characteristic point. This could be done by using the same approach used for studying 
characteristic points at Section [31 Case(b). Nevertheless, for brevity, we will not consider this 
problem in its general formulation, but only for the case of the Heisenberg group endowed with 
the Korany norm. 



Lemma 7.14. Let be the 2n+l- dimensional Heisenberg group and let g{x) = \/\xh |^ + 16t^ 
be the Korany norm. Let S C H" be a -smooth hypersurface having non-empty characteristic 
set Cs- Then (j65p holds locally around every x S IntS" Pi Cs- Consequently, the monotonicity 
inequality ()66p holds true. 

Proof. Because of the invariance under left-translations, and without loss of generality, we may 
assume that G Int5 n Cs- Thus, locally around the identity G H", one easily infers that 

S = [x = exp{xH ,iP{xh)) ■- xh £ M^"-, ■0 G C^(f7o), tp{02n) = 0, grad^2n'ip{02n) = 02n}, 

for some open neighborhood Uq of 02n G 1^^"- Setting A := HessiR2n^(02n) and using an ordinary 
2nd order Taylor's expansion for near 02n, one gets, after routine calculations, that 

'iI){xh) = {Axh,xh) + o(|xHp), 0^). 

Therefore, using the same notation and terminology as in Section [3l Case(b), we may blow-up 
S around G H". It turns out that the limit set ^'oo is given by 

^oo = exp{{xH, {Axh ,xh)) : xh G Uq}. 

Hence, if we denote by v the Riemannian unit normal along ^'oo, we find that 

[-AxH + "-f,l) 



v{x) 



4 

So we get that 



1 + + 1 

{Axh ,xh) 



1 + \Axh\'^+ 4 



and that 



, , , {Axh,x„){S + o{\xh\)) 8 
{gradg.u) = . i ~ -it{Axh ,Xh) 

e^^i + \Ax„\^ + \-^ ^ 

for \xh \ — > 0"^. From what above one infers that 

-{Z^, grades e.)U^ - 1 - + iq^a^, + o{\xn\)) " ' 

for \xh\ ^0"*", where we have set := r~^- arguing as in Lemma [7.121 the claim follows. □ 

7.2 Proof of Theorem Pfrsl 

Lemma 7.15. Let x G Int5 \C5 and set^ Ro{x) := min \r{x), 2| ^''J^^' jf )) } ^^'^ Then, 
for every A > 2 there exists R g]0, i?o(3;)[ such that 

cy'i-HSxR) < \'^-'Ro{x){Aoo{R)+]3oo{R)}. 



^The quantity R{x) has been introduced at Lemma [7.13l 
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Remark 7.16. We remind that the metric-factor kg{ujj) turns out to he constant, for instance, 
by assuming that g be symmetric on all layers; see, for instance, 161]. Anyway, the metric factor 
is uniformly bounded by two positive constants ki and k2 ■ This can be easily deduced by making 
use of the so-called ball-box metricP^ and by a homogeneity argument. Indeed, for any given 
Q-ball Bg{x,R), there exist two boxes Jiox{x,Ri), Box(x,ii2) (^i ^ R2) such that 

Box(x,i?i) C Bq{x,R) C Box(x,i?2)- 

Remind that 

kg{u„{x)) = aT\A^A^)) n B,{x, 1)) = 'Hl-\lMx)) n Bg[x, 1)). 

Now let us choose i?i,i?2 such that < Ri < I < R2 and Box(x,i?i) C BJx, 1) C Box(x,i?2)- 
Since (5jBox(x, 1/2) = Box(x,t/2) for every t>0, by a simple computatiorr^we get that 

(2i?i)«-i < kg{u^{x)) < V^^{2R2f-\ 

In particular, we may put ki = {2Ri)^^^ and k2 = \/n — 1 {2R2)^^^ . 

We stress that, as an application of Remark 17. 16^ for every homogeneous metric g , one can 
choose two positive constants fci, k2 such that 

ki < Kg{u^{x)) < k2 (67) 

for every x G 5 \ C5. 

Notation 7.17. Henceforth, we shall set Ro{S) := sup^g_5\(;;^, Ro{x). 

Proof of Lemma \TT^ Let R g]0, i?o(a;)[- Note that ^■^-^(S't) is a monotone non-decreasine 
function of t on [R, Rq\. So let us write the identity 



{St)/tQ-' = {ar\St)/tQ~' - cTrHsRo(.))}/t^-' + <rrHsR,i.))/t'^~'. 



^^By definition one has 

Box(a;, _R) = {y = exp ( J/^i ) G G ] Hj/h; — xh; ||oo < i?'}, 

i = l,...,fe 

where i/h^ — 'Ylj izi^ Vii^U ^^'^ WVi lloo is the sup-norm on the i-th layer of g; see, for instance, [IS], [72| . 

^*The unit box Box(a;, 1/2) is the left-translated at the point x of that centered at the identity of G, i.e. 
Box(0, 1/2). So, by the left-invariance of the measure aJJ"^, the computation can be done at G G. By 
observing that Box(0, 1/2) (or, more precisely. Jog (Box(0, 1/2))) can be regarded just as the unit hypercube of 
E" = g, it remains to show how we can estimate the (T2~^-measure (remind that on vertical hyperplanes, one has 
(t2~^ = ^) of the intersection of the unit box Box(0, 1/2) with a "generic" vertical hyperplane through the 
origin £ R" = g. But this is a very simple matter. Indeed, if 1[X) denotes the vertical hyperplane through the 
origin of R" and orthogonal to the (unit) horizontal vector X £ H , we get that 



l<Heu (Box(0, l/2)nJ(X)) <V^n~l, 
where we notice that \/n — 1 is just the diameter of any face of the unit hypercube of R". Therefore 
(52i?iBox(0,l/2)n2:(X)) C {Bg{0,l)nI{X)) C {S2R,-Bo^{x,l/2)nI{X)) 

and so 

{2Rif-' < {2R,f-'n:-\Box{0,l/2)nI(X))<n:-\B,{0,l)nI{X)) 

= Hg{X) < (2i?2)'^"'K-'(Box(0, 1/2) n J(X)) < V^r~T(2i?2)'^"V 
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The first addend is an increasing function of t, while the second one is an absolutely continuous 
function of t. Therefore, by integrating the differential inequality (|66p. we get that 

s + C" + e„ W}r (08) 

Therefore 



P := sup ^^Q^ < + r^\{A^{t)+B^it)}t-^'^-^^dt. (69) 

Now we argue by contradiction. If the lemma is false, it follows that for every R g]0, Ro{x)[ 

a'i-'iSxR) > X'^-'Ro{x){Aoo{R)+l3UR)}. (70) 
From the last inequality we infer that 

'■Roix) 



/ {Aooit) + B^{t)}t-^'^-^Ut 
Jo 

\Ro{x) 



1 



XRo{x) 1 fXRQ{x) 



XRo{x) Jo 

1 rAUo(,x) 1 rAUQ(x) 

/ arH5,).-(«-i)d. + — / arH5.).-W-i)d 

o{x) Jo XRo[x) Jr^M 



XRoi 



X X Ro{x)Q-^ 
By using ([68j) we get that 



^r'(Sfio(x)) , /3 A-l ar\S) 



< — — ^ + - + 



Roix)Q-^ X X Roix)Q-^ 
and so 

A-1 2A-1 arHS) ^ 2A-lfc,(z.„(x)) 
A A Roix)Q-^ X 2Q-1 ■ 

By its own definition, one has 

M-.(x)) = ^lirn^^^^</3. 
Furthermore, sinc^^ Q — 1 > 3, we get that 

2A - 1 
A-l<— , 

or equivalently A < J, which contradicts the hypothesis A > 2. 



□ 



^^Indeed, the first non-abeUan Carnot group is the Heisenberg group for which one has Q = 4. Moreover, 
note that, since the theory of Carnot groups also contains, as a special case, the theory of Euclidean spaces, in 
the above argument we can use the estimate Q — 1 > 2 which is relative to the case of a 2-dimensional surface in 
R^; indeed, in such a case (5 = 3, since the homogeneous dimension coincides with the topological one. 
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The next covering lemma is well-known and can be found in pT]; see also |32| . 

Lemma 7.18 (Vitali's Covering Lemma). Let {X, d) be a compact metric space and let A G X . 
Moreover, let C be a covering of A by closed d-balls with centers in A. We also assume that 
each point x of A is the center of at least one closed d-ball belonging to C and that the radii 
of the balls of the covering are uniformly bounded by some positive constant. Then, for every 
A > 2 there exists a no more than countable subset C' C C of pairwise non-intersecting closed 
balls B{xk,Rk) such that 

Ac[jB{xk,\Rk). 

k 

We are now in a position to prove our main result. 

Proof of Theorem \ 7. 5\ Fist we shall apply Lemma 17.151 To this aim, let A > 2 be fixed and, for 
every x G IntS \ Cs, let R{x) Ro{S)[ be such that 

< X'^~'Ro{S){Aoo{Rix))+Boo{Rix))}. 

Now let us consider the covering C = {Bg(x, R{x))} of the (relatively compact) set S \ Cs C G. 
By Lemma I7.18|, there exists a sub-covering C C C of pairwise non-intersecting closed balls 
Bg{xk, R{xk)), such that 

S\Cs c[jB,ixk,XR{xk)). 

k 

This implies that 

aT'iS) < ^arHSnB,ixk,XRixk))) 

k 

< X'^-'RoiS) {Aoo{R{xk)) + Boo{R{xk))} 

k 

< X'^-'Ro{S){Aoo{S)+BooiS)}. 

By letting A \ 2 we get that 

arHS) < 2'i-^Ro{S){Aoo{S) + Bo.{S)}. (71) 

Since 



"%(5)<2«-i sup 2{-^^4^|«-^=2« sup 



1 ) 
2-1 



xeS\Cs ^kgiu^ix))) xes\Cs {kg{i^^{x))} 

by making use of ([67|) one gets that 

and so 

Q — 2 

{arHS)}Q^^ < ^{Ao.{S) + BooiS)}. (72) 

Obviously, the last inequality is equivalent to (|58|) by setting Cj := 2 Q-^ ■ k^ , where ki has 
been defined in Remark 17. 161 Note that, by construction, ki only depends on the homogeneous 
metric g; see Remark 17.161 Moreover, for a constant metric factor Kg[u^), one may choose 
ki = Anyway the constant C/ only depends on the group G and on the homogeneous 

metric g. This completes the proof of ()57|) . 

□ 
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7.3 An application of the monotonicity formula: asymptotic behavior of cr^ ^ 

The monotonicity formula (j66p can equivalently be formulated as follows: 



for £^-a.e. t g]0, R{x)[ and for every x G 5\ C5. By Theorem 13. H Case (a), we may pass to the 
limit as t \ 0+ in the previous inequality; see Section [3l Hence 

for every x £ Int(5) satisfying the hypotheses of Theorem 13. 1[ 

Corollary 7.19. Under the above hypotheses and notation, let us assume that 

dSnB^{x,t) =0 
and that {Tin \ < Tin < +00. Then, for every x £ S \ Cs, one has 

<-\St) > K,(z.,(x))t«-ie-*^^H(i+oW)}. (73) 

Proof. Since, by hypothesis, ^00 (•s) = 0, we just have to bound /* 't^i^!^^ ds from above. To 

CTjj (As) 

this aim, let us note that, locally around x £ S \ Cs, one has Ituh^ \ < Si for some positive 
constants £i {i = 2, k). Moreover, one has Qs{Ss) = s. Therefore 



Aoo{s)<n%i^i + Y,^eis'-'YrHSs) 



and the claim easily follows. 

□ 

More generally, the previous result could be generalized, for instance, to those characteristic 
points satisfying the hypotheses of Theorem 13.11 Later on, we shall analyze in detail only the 
case of the Heisenberg group H", because in such a case the monotonicity formula also holds 
near characteristic points; see Lemma 17.141 

Before turning our attention to the Heisenberg group case, let us discuss the following: 

Remark 7.20. Let S C G be a C'^-smooth hypersurface and let x G IntS. As above, let us set 
Ss = S n Bg{x, s) (s > 0). Then, we claim that 

'^Li L! <^TO> (74) 



s) 



for some constants £i > 0, i = 2, ...,k. To see this, let us note that J cr" = *uJa, where * 
denotes the Hodge star operation on T*G. Furthermore, one has 6^{*uJa) = t^'~°^'^^°'\*uja) for 
every t > 0. Therefore, ([71]) easily follows since 



1^ 
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Corollary 7.21. LetM"' be the 2n+l-dimensional Heisenberg group and let q{x) = \J\xh |^ + 16t^ 
be the Korany norm. Let S C be a C'^ -smooth hypersurface having non-empty characteristic 
set. Furthermore, let us assume that dS n Bg{x,t) = and that {H-hI < Ti.% < +00. Then, for 
every x G IntS" n Cs, there exists Eq > such that 

cr^^iSt) > /^,(C5(x))t«-ie-*^«^o, (75) 
where Kg{Cs{x)) has been defined in Theorem \3. 11 Case (b). 
Proof. By applying Remark 17.201 we easily get that 

Setting £0^=1 + Yl^=2 yields the desired result. 

□ 



8 Sobolev-type inequalities on hypersurfaces 



The isoperimetric inequality ([57]) is actually equivalent to an inequality of Sobolev-type. The 
proof of this fact is completely analogous to that of the well-known classical equivalence between 
the Euclidean Isoperimetric Inequality and the Sobolev one; see [11], [T6] . 



Theorem 8.1. Let S C G be a C'^-smooth hypersurface without boundary. Then for every 
G Cq{S) the following inequality holds 



Q-2 



k 

\gradHsip\+^i Ci g'^ ^ \ gradn.s ip \ j ag" ^ 



1=2 

where Cj is a dimensional constant independent of S. 
The constant Cj is the same as in Theorem 17. 5i 



Proof. The proof follows a classical argument; see |33j . |62j . Let us begin by noting that, since 
Igradusi^l < l^'^'^'^/fs 1^1 1; without loss of generality, we may assume that ip >0. Moreover let us 
set 

St:={x£ S : > t}. 

Since ip has compact support, the set St is a bounded open subset of S and, by applying Sard's 
Lemma, one sees that its boundary dSt is smooth for >C^-a.e. t G IR+ U {0}. Furthermore, St = ^ 
for each (large enough) t G M+. The main tools that we are going to use are Cavalieri's principle 
and the Coarea Formula; see Footnote [22] and Theorem [M] In particular, we stress that 

Q_i (O _ 1 r+°o I 

m—^ar' = ^ t—^ar'{St}dt. 

We also remind that, if (p : M+ U {0} — > U {0} is a positive decreasing function and a > 1, 
then the following inequality holds: 



r+oo , r+00 

a J t"- V" dt< i^J ip{t) dt 
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So let us use this inequality with a = and ip{t) = (cr^ {St}) "^"^ ■ One has 

/ /.+00 Q-2 \ ^ 

< M Cj^-' {AooiSt) + BooiSt)} dtj 

Q-1 

= C/M^ {^oo(5t)+i3oo(5t)}dtj . 

At this point let us note that 

r+oo r+oo ( f / ^ \ 1 

k 

Furthermore, one has 
/ Boo{St)dt < / / (l + y2icig's;'\xH,\)ar^dt 

Jo Jo JdSt ^ ~2 

/'-f-OO p ^ 

JO J dSt ^ o 



i=2 

k 



[ \gmd„sip\ (1 + y~l^Ci£»c i \ 9radH^s'il^\ \n i Coarea Formula) 

Js V ^ IgradHsm J 

k 

I gradns "0 1 + ^ Ci £'s^ ^ 1 I ) crS" 



i=2 
i=2 

and the thesis easily follows. □ 

Now we are going to make a further assumption on the geometry of S. The simplest hy- 
pothesis which can be made is, of course, that of the global boundedness of the horizontal mean 
curvature. The argument below is quite similar to the one used throughout the proof of Theorem 
16. 6[ As in Remark l2.40l let S'e (e > 0) be a family of open subsets of S with piecewise C^-smooth 
boundary such that: 

(i) Cs C for every e > 0; 

(ii) ar^(^e) — ^ for e ^ 0+; 

(iii) /^^ \VHu\a';,-^ — . for e ^ 0+. 

Now let us fix eo > 0. For every e < eo one has 
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Then, (ii) implies that for every S > there exists > such that cr" ^{Ue) < S whenever 
e < ex. By choosing S < Ifl^^'^" — one gets that 

for every e < min{ej, eo}. Furthermore, one has 

Js\w JS 

for every e < minjej, eo}. Since, by hypothesis, the horizontal mean curvature Tin is globally 
bounded, one infers that: 

• there exists Co > such that 

k 



\i;\\HH \{^ + Yj i) ' < Co ^ I vkr ' 



By applying the above argument we get the following: 

Corollary 8.2. Let S C G be a -smooth hypersurface without boundary and assume that TLh 
be globally bounded along S. Then there exists Ci > such that 

Q-2 f, 

j IVI^crr'r'' <Ci j [\^\ + \grad„s^\+Y,i(^iet^\9radH,s^\]ar\ (76) 

JS ) JS 

for every ip G Cq{S). 

Proof. Immediate by the previous discussion. □ 
(Hi) Henceforth, let us assume that Hh is globally bounded along S. 

Notation 8.3. As in the standard theory of Sobolev spaces, for any p > 0, we shall set 

1 _ 1 _ 1 
p* p Q — 1 

Moreover, p' will denote the Holder conjugate of p, i.e. ^ + ^ = 1. In the sequel, any norm 
will be understood w.r.t. the a^"^ -measure. 

Corollary 8.4. Under the previous assumptions, there exists C2 > such that 
\lp*{S) < \\iP\\lp{S) + WgradnstpWiPis) + Yl \\9radHiSip\\LP(s) 



1=2 



for every ip G Cq{S). 
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Proof. Let us apply (j76j) with tp replaced by 



t-i 



Q-2 



<ci /jiv-r+tiv-i*-^ 



, for some t > 0. One has 

k 
1=2 



(77) 



If we put t ^7:1 = — 1), it follows that p* = t ^rj- Thus, by Holder inequality one gets 



which is equivalent to the thesis. 



LP{S) + t WgradHsil^WLPis) + XI \\9radH,sip\\LP 



i=2 



□ 



Corollary 8.5. Under the previous assumptions and notation, let p £ [1,Q — 1[. Then there 
exists C3 > such that 

||V'IIl9(5) < C'sS II^IIlp{S) + hradHsTpWLPisj+^hradH.stpWLP^s) \ V g G [p,p*] 



for every ijj £ (^^{S). 

Proof. For any given q G there exists a G [0, 1] such that ^ = ^ + Hence 



q p ' p' 



LHs) < 11^^112^(5) iiV'iii;.^) < mL^s) + mLP*is)^ 



where we have used the usual interpolation inequality and Young's inequality. The thesis follows 
from Corollarv 18.41 □ 



Corollary 8.6 (Limit case: p = Q — 1). Under the previous assumptions and notation, let 
p = Q — 1. Then there exists C4 > such that 

MLliS) < CA IIV'IIlp(S) + \\9rad„si^\\LP{S) + ^ \\9radH,sij\\LP(s) > V g G [Q - 1, +oo[ 

i=2 J 

for every ip G Co(S'). 

Proof. Use ([77|) and put t > 1. By Holder inequality we get 



Q-2 
Q-1 



< c\ 



+ t 



\\gradHsip\\LP{S) + ^ WgradHiStpWLP 



(S) 



1=2 



for every ip G Cq{S). From this and Young's inequality we easily get that 



^gradus-ip^LPiS) + ^ ll5rorfH,s^/'||LP(5) ' + 



i=2 



< C'2<^ ||?/'||Lt(s) + IIV'II „/0:4 + \9i-adHs^\LP{S)^y^\9i'adH,si)\LP{^s) 
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By setting p = Q — 1 in the last inequality one gets 

IIV'II (Q-i)2 < Csl II^IIlq-i(s) + \\ grades il^\\LQ-i{S) + Y] II V-IIlO-Hs) 
By reiterating this procedure for t = Q,Q + 1, ... one can show that there exists C4 such that 

||V'IIl'3(S) < Ci\ IIV'IIlQ-ics) + \\9radHs'^|^\\LQ-^s) + ^ WgradH^sil^WLQ-^s) \ V g > Q - 1 

i=2 ^ 

for every iP e Cl{S). □ 

At this point, we would like to discuss another geometric hypothesis and its consequences 
in getting "horizontal" Sobolev-type inequalities, i.e. only depending on the iJS'-component of 
the tangential gradient. As above, let S C G be a C^-smooth hypersurface without boundary. 
Moreover, we shall assume that: 

(H2) For every x G S\Cs and for C^-a.e. t £]0,R{x)[ one has 

dim Ca5( < n — 2, 

where St = S H Bg{x, t). 

Remark 8.7. Let S C G be C"^ -smooth and non- characteristic and let us assume that the 
horizontal tangent bundle HS be generic and horizontal, i.e. {S,HS) is a CC-space. Then, by 
arguing exactly as in Remark \5.S\ it follows that (H2) is automatically satisfied. More generally, 
the validity 0/ (H2) follows by assuming, just as in Remark \5.S\ that: 

(H) For every smooth (n — 2) -dimensional submanifold N C S one has 

dim Cat < n — 2. 

Let U C S he any relatively compact open set with C ^-smooth boundary dU, oriented by 
its unit normal rj. By assuming either (H2) or (H), one gets o'R~'^{Cdu) = 0- So let Ve C dU be 
an open neighborhood of Cqu such that a^~'^{Ve) — > for e — > 0+. Since 

k 

1=2 

it follows that 

for every (small enough) e > (i = 2, k). Furthermore, one has 

n—2 ^ Ik, II — 2 



\XH^u\cf^ < ||xIIl°°(9W\Ve) (^^) 

for every e > = 2, A;). Therefore, we have shown that: 
• there exist Cq > such that 



B^{U) = f (^l + Y,iciQi^'\xH,u\)ar^ <C'oarHdU). 

JdU 
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The previous argument yields the next: 

Theorem 8.8. Let S C G be a C^-smooth hypersurface without boundary and letTLn be globally 
hounded along S. Moreover, let us assume either (H2) or (H) hold true. Then there exists C( > 
such that 

0-2 

'P\'^-a^„-^Y~' <C[ [ {\i^\ + \grad^si^\]<JH-'- (78) 

for every if) G Cj(S'). Moreover, there exists > such that 

U\\l^'{S) < C'2{U\\L^iS) + \\grad„snLvis)] (79) 
for every ip G 00(5"). If p G [l,Q — 1[, then there exists C3 > such that 

Uh'^iS) < ^^3{II^IIlp(5) + \\grad„sM\Lv{S)} V q G [p,p*] (80) 
for every ip G 00(5"). Finally, let p = Q — 1. Then there exists C4 > such that 

\mL'>(S)<Ci{\mLr'is) + \\9rad„s4^\\LPiS)} y qe[Q -l,+oo[ (81) 
for every tp G Cj(S'). 

Proof. The proof of (j78p is almost identical to that of Theorem 18.11 The only difference is in 
the following estimate: 

P + OO /■ + 00 

/ BUSt)dt < C'o / a^-\dSt)dt 
Jo Jo 

= Cq \gradHs'P\(^H~^ (by Coarea Formula). 
Js 

Then, inequality ()78|) follows by arguing as in Corollary 18. 21 The other statements can be proved 
by arguing exactly as we have done throughout the proofs of Corollary 18.41 Corollary 18.51 and 
Corollary 18. 61 

□ 
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